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KONTSEVICH-ZAGIER INTEGRALS FOR AUTOMORPHIC GREEN’S FUNCTIONS. 

II 

YAJUN ZHOU 


Abstract. We introduce interaction entropies, which can he represented as logarithmic couplings 
of certain cycles on a class of algebraic curves of arithmetic interest. In particular, via interac¬ 
tion entropies for Legendre-Ramanujan curves Y" = (1 - - aX) (n e {6,4, 3,2}), we refor¬ 

mulate the Kontsevich-Zagier integral representations of weight-4 automorphic Green’s functions 
Gg /^®*^>(2i,Z2) (N - 4sin^(7r/n) e {1,2,3, 4}), in a geometric context. These geometric entropies allow 
us to establish algebraic relations between certain weight-4 automorphic self-energies and special 
values of weight-6 automorphic Green’s functions. 
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1. INTRODUCTION 


1.1. Statement of results. In Part I of this series Ill9l] . we constructed integral representations 


(in the spirit of Kontsevich and Zagier ifl^ §3.4]) for automorphic Green’s functions 
satisfying the cusp-form-free condition dim«5^^(r q{N)) = 0 for even weights k>A and positive inte¬ 
ger levels N. Here, Fq{N) - Fq(N)I{I, -1} is the projective version for the Hecke congruence group 
of level N, i.e. F oiN) {(“^)|a,&,c,(iGZ;ac(-6c = l;c = 0 (mod N)}, and FqII) - PSL{2,J.) is 
the full modular group. As in Part I, we define the automorphic Green’s functions according to 
the conventions set in 0, p. 207], pp. 238-239] and 10, p. 544]: 




2 ^ 

fero(N) 


21m2ilm(f22)j 


E Q|-i 

a,b,c,d€Z 

N\c,ad-bc=l 


! + ■ 


2l 


az2+b 


CZ2+d 


2 \ 


21m2ilm 


az2+b 

CZ2+d 


Zi^ Fo(N)Z2, 


( 1 . 1 . 1 ) 


with Qy being the Legendre function of the second kind Qyit)f^(t+ - lcoshu)“^“^du,^ > 

1, V > -1. 

In the current instalment (Part II) and its sequel (Part III), we will focus on the weight-4 auto¬ 
morphic Green’s functions, where the solutions to the cusp-form-free condition dime.5^4(r oiN)) - 0 
are exhausted by AT g {1,2,3,4} S Appendix B]. An outstanding problem concerning these auto¬ 
morphic Green’s functions is a conjecture about the nature of their values at CM points (quadratic 
irrationals in the upper half-plane), as recapitulated below. 

Conjecture 1.1.1 (Gross-Zagier 10, p. 317] and Gross-Kohnen-Zagier 0, p. 556]). The CM val¬ 
ues for weight-4 automorphic Green’s functions of levels 1, 2, 3 and 4 are always expressible as 
logarithms of algebraic numbers: 


exp 




iz,z') 


if [Q(2) : Q] = mz): Q] ^ 2 and Ne {1,2, 3,4}. 


Here, it is understood that the pair of points in question are not equivalent per modular transfor¬ 
mations: z € Fo(N)z'. 


To prepare for a verification of this conjecture in Part III, we develop some analytic tools in 
this article (Part II). The main result of Part II is a new set of integral representations for the 
automorphic Green’s functions G^ 2 ^°^^\z,z') (N g (1,2,3,41), as logarithmic couplings of certain 
algebraic curves. 

Before stating the main result of this article in Theorem 11.1.21 we recall from Part I some ter¬ 
minologies and notations pertaining to automorphic functions on the compact Riemann surface^ 
Xo(A^)(C) = FQiN)\F)* - FQ(N)\iF) u <Q)u {ioo}), for N g (1,2,3,4). One writes 

OO 

zeS) (1.1.2) 

n=l 


for the Dedekind eta function, through which the modular lambda function 


Xiz) 


16 qHz/ 2 )q^H 2 z) 

7)24(2) 


zeSj 


(1.1.3) 


^Hereafter, as in Part I flill . we maintain the distinction between lowercase backslash for set minus opera¬ 
tions) and uppercase backslash (“\” for orbit spaces). 
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is defined. The higher-level invariant^ 


«Ar(2):= i 1 + 


JSf6KN-l) 


T]iz) 

rjiNz) 


24/iN-l)' 


1 — ctj\r 


I, a.e.zeSj (1.1.4) 
Nz! 


are tailored for the modular elliptic curves Xo{N)iC) - Fo(N)\Sj* where the positive integer N -1 
divides 24 ifl^ Eq. 2.1.3]. Especially, one has a 4 iz) - Ai2z). In what follows, we denote by 


IntT)Ar - \z eF) 


1 „ 1 
- < Rez < -, 
2 2 


1 


1 


1 


1 

> — 
N 


(1.1.5) 


the interior of the fundamental domain for F oiN), N e {2,3,4} Ill9l. Fig. Ic-e]. We retroactively 

introduce 


IntDi - \ zeF) 


<Re 2 < ^,|2 + 1| > 1,|2- 1| > l|. 

We normalize the principal modular invariant j{z) on Xo(l)(C) = SL{2,J.)\F)* as 

^ 256(1-A(2) + U(2)]¥ 

[A(2)]2[1-A(2)]2 ’ 


and define 


^ ^ 1 4[1-2A(2)][2-A(2)][1 + A(2)] ^ 1 

ai(z) := 7:- ■;= -= 1 - ai 

2 ^/Wniz)[l-Aiz)] 


z 


z G IntDi 


( 1 . 1 . 6 ) 


(1.1.7) 


( 1 . 1 . 8 ) 


using the principal branch of square root. 


Theorem 1.1.2 (Entropy Formulae for Automorphic Green’s Functions of Weight 4). For v g 
(-1/6, -1/4, -1/3, -1/2}, we define the entropy coupling 




1-—-^(l-t/Kl-V) 
a 1 - p 


(1.1.9) 


for a.e. (a,/3) g C^, via the Legendre expectations 


f- 


f(u)du 


E“/(u):=^ 


^(i-ur+Hi-tu)- 


f- 

Jo u 


du 




i:-< 


f{u)du 


{l-u)-^{l-tuy+^ 


^{l-uY+Hl-tuY 




du 


( 1 . 1 . 10 ) 


il-uY^(l-tuY+^ 


where the integrations are carried out along the open unit interval u g (0,1). Then, the weight- 

4 automorphic Green’s functions G 2 ^^°^^\zx,Z 2 ), a.e. 21,22 £ IntDjv admit the following integral 
representations: 

= G^'^°''^\zi,Z2) - =^1(21,22) + (21,-1/22), 


2 

^/To(N). 


where 

yNiz,z’)- Reslm2lm2 


G^'^ “'^''^21,22) = ^Ar(2i,22), N G {2,3,4} 

, d d zz'\Hy{aN{z)\\aN{z'))FHy{l-aN{z)\\l-aNiz'))\ 


( 1 . 1 . 11 ) 

( 1 . 1 . 12 ) 


I dlm2dlm2' Im2lm2' 

for degrees v g {-1/6, -1/4, -1/3, -1/2} and the corresponding levels N - A sin^(v:n:) g {1,2,3,4}. 


(1.1.13) 


^We write “a.e.” for “almost every” point in question, so as to accommodate to possible exceptions that form a set 
of zero measure. 
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We point out that the entropy formulae in the theorem above are analytic reformulations of the 
Kontsevich-Zagier integral representations for weight-4 automorphic Green’s functions appear¬ 
ing in Part I lll9l] . which were modeled after the integrations of modular forms in the Eichler- 
Shimura theory. These entropy formulae also serve as bridges towards the arithmetic analysis 
of the CM values of automorphic Green’s functions in Part III, which will mainly deal with the 
complex multiplication of theta functions. 

In this article, we will present a few simple applications of the entropy formulae to renormal¬ 
ized weight-4 automorphic Green’s functions, also known as automorphic self-energies. 

Theorem 1.1.3 (Weight-4 Automorphic Self-Energies), (a) The weight-4 level-4 automorphic self¬ 
energy is defined through the procedure of Gross-Zagier renormalization (see ^ Chap. II, Eq. 5.7] 
or^mEq. 3.2.1]): 

fero(4),f07^z 

and admits a closed-form evaluation: 


^ 2 Im 2 lm( 72 )j 


]-2{log|4:T77^(2)Im2| - 1}, zeS), (1.1.14) 


G 


h/ro(4) 


( 2 ) = - -log 


2^|l-a4(2)|" 


'2 3 ""^ |a 4 ( 2 )| 3^^^ |A(22)| 

(b) As long as z is not an elliptic point on To(N) for W g {1,2,3}, we have 


24|1-A(22)|^ 




G^^^o(N)^z):= -2 


I Qi 

jerQ(N),yzitz 


1+ . 
2 Im 2 lm( 72 )j 


2{log1 471 - 77 ^( 2 )Im 2 1 - I}, 


(1.1.15) 


(1.1.16) 


and 


cS/r.(l)(^)_^ l°gl7te)-17281 ^ 2eS/r.(l) 


ll + iVs 




5^1-Gog 


\a2iz)[l - a2(z)]\ 4 


h/ro(2) 




— 

212 - 32 

—] + 21og3 = iG‘'>'™® 
32 j 3 


1 + i 


-,2 


2 

/3+iV^ 
6 




(1.1.17) 

(1.1.18) 

(1.1.19) 


where the expressions on the right-hand side are weight-6 automorphic Green’s functions. 

In addition, both G^^^^^^\i,z) and expressed in terms of weight-4 auto¬ 

morphic Green’s functions: 


G 


h/Tod)/ 


3 

^h/ro(4) 


'^ + 1 ^{_^ph/ro(4) 

" .-11 

2 

v>i 2 

i 22’2j 2 

1 2 ’ 2 J 2 

l2(2 + l)’2jj 


Qb/rod) 


ll + iV3 'I 

I 2 


, log|j-( 2 )-17281 ^ 

+--31og2, 




2(2 + 1)’2 


( 1 . 1 . 20 ) 

( 1 . 1 . 21 ) 


so long as both sides of the equations above assume finite values. ■ 

1.2. Notational conventions. The following rules regarding complex-valued functions and their 
integrations apply to this article: 

• The complex logarithms of non-zero numbers are prescribed as 

Relog^ = log 1^1, Imlog^ = arg^ G(-7r,7r]. 


( 1 . 2 . 1 ) 
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Fractional powers are defined using the aforementioned univalent branch of the loga¬ 
rithm: 

for ^eC\{0}. (1.2.2) 


• For a,b eC, the integration path for is a straight-line segment starting from a 

and ending in b, unless explicitly designated otherwise. When we say that “the integra¬ 
tion paths for a certain multiple integral d^i - •• are straight-line 

segments”, we are referring to the integration paths for the iterated integrals that consti¬ 
tute the multiple integral. 

• At times, we write oo as a shorthand for the positive infinity +oo. We always denote the in¬ 
finite cusp by ioo. For any real number a, the integration /“(• • • )dx := liraM^+oof^ (• • • )dx 
is always carried out along the real axis. 

• Whereas slant F will be used for congruence subgroups, the upright F is reserved for the 

Euler integral of the second kind FfO := dt,Re^ > 0 and its analytic continua¬ 
tion. The digamma function is denoted by := dlogr(^)/d^. The Euler-Mascheroni 

constant is defined by Jq 

• Via Euler’s integral representation for hypergeometric functions 


2^1 


a,b 

c 


r(c) 

r(&)r(c-&)jo n-tur 


Rec > Re6 >0,-n < arg(l -t)<n, 


(1.2.3) 


one defines the Legendre function of the first kind: 


Py{l-2t)-.= 2Fl 


-v,v+ 1 
1 

sin(v7r) C^\u{l-tu)V du 


sm(v7r) I u(l 
n jo i 1 


i^l = P_v_i(l-2^) 

-l<v<0,^eC\[l, +oo). 


1 - u ’ 


In particular, the complete elliptic integral of the first kind 


nnl 2 

K(v7):= 

Jo 


d(p 


vT 


t sin^ (p 


= -t 

2 Jo 


du 


\/u(l-u)(l-tu) 


(1.2.4) 


(1.2.5) 


is equal to |P_i/2(l-2^). Powers of the Legendre functions are always written in bracketed 
form, such as [Pv(l - 2^)]^, in order to avoid confusion with the standard notations for 
associated Legendre functions. We write 

d(p 


mA):= f 

Jo 


( 1 . 2 . 6 ) 


\/l- X sin^ (p 

for the incomplete elliptic integrals of the first kind. 

We introduce an ad hoc notation for an elementary function (adhering to Eq. ll.2.2l for the 
definition of fractional powers) 

Yv,a(^):= ' (1.2.7) 

u^(l - auy 

where v e (-l,0);a g (C \ K) u (0, l);u, 1 - u, 1 - au e C \ (-oo,0], so that we can sometimes 
use an abbreviation 

uYl-auY ^ rb 
t\u)— - ., du - 


/ 


(l-u)^+i 




du 
iuY 


( 1 . 2 . 8 ) 
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for integrations over a suitably regular function f. For the particular case where a = 0, 
6 = 1, we introduce another short-hand notation 

f du u^il — auV 

f(u)v>,,au:= fiu)-——^ f(u)-^ -(1.2.9) 

J Jo ^v,aiu) Jo (l-u)^+^ 

If Pv(l-2a) ^ 0, then the symbol E“ q, (the Legendre expectation of degree v and parameter 
a, being compatible with Eg. ll.l.lDl ) is defined as 

E“:= f (1.2.10) 

7T± V \ 1 2(X) tJ 

Whenever writing Dv,a w or E“ q,, we tacitly assume that the integration path coincides with 
the open unit interval (0,1) 3 u. 

• As in M §3.3], we use the Jacohi 0-function: 


OO f 

0(u|A):= n 1 

n=l I 


1 _ ^-2n7iK(vT^)/K(\^) 


X 


1 - 2e-(2«-l);rK(%/n:)/K(^) ^-2(2n-l)7TK(vT^)/K('/A) 


K(VI) 

to define the Jacohi elliptic functions sn(u|A), cn(u|A), dn(u|A): 

iK(vT^) 


i 0(u + iK(\/l- A)|A) f ni 

sn(u|A):= - -expt 


n 


0(u|A) 


2K(vl) 


u + 


cn(u|A):= 


1 - A 0(u + K( v^) + iK( vT^)| A) 
~ 0(u|A) 

0(u + K(vI)|A) 


■exp 


Til 


2K(v^) 


u + 


iK(vT^) 


dn(u|A):= Vl-A 

0(u|A) 

for A e (C \ IR) u (0,1) and a.e. u e ' 


( 1 . 2 . 11 ) 


( 1 . 2 . 12 ) 

(1.2.13) 

(1.2.14) 


1.3. Plan of the proof. This article is organized as follows. In ^21 we recall from lIlOL §2.2] 
the Kontsevich-Zagier integral representations of weight-4 automorphic Green’s functions on 
roiN),N e {1,2,3,4}, and reformulate them into various multiple integrals whose integrands are 
elementary functions. In we prove all the statements in Theorems 11.1.21 and ll.l.3l drawing on 
materials from ^ 

In Part I (see 11191. §2.2], as well as Theorem 12.0. II of this article), weight-4 automorphic Green’s 
functions were given as meromorphic analogs of Eichler integrals over modular forms. In The¬ 
orem 11.1.21 of this paper, the same Green’s functions are described by integrations over abelian 
varieties - (1 -X)”“^X(1 - aX) (the so-called Legendre-Ramanujan curves for n e (6,4,3,2}). 
The modular representation will he bridged to its geometric counterpart through a set of inte¬ 
gral identities involving the Legendre functions and the Legendre-Ramanujan curves. These 
bridging identities are essentially algebraic relations among members in the ring (=^^kz,+,') of 
Kontsevich-Zagier periods §1.1], which consists of absolutely convergent integrals 


fix)d^x (1.3.1) 

'TI'IcR" 

A 

of algebraic functions fix) over algebraic domains in Euclidean spaces K". Here, fix) = 
fixi ,... ,x„) is an algebraic function in n real variables, with algebraic coefficients; d"x: = dxi A 
• • • A dx;j is the Euclidean volume element in IR”^; and the algebraic domain is a subset in IR” 
specified by polynomial inequalities with algebraic coefficients. 

The key ingredient of our proof is to convert among various integral representations of auto¬ 
morphic Green’s functions using an assortment of analytic techniques. Our computations will 
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be based on the set of transformations permitted in the Kontsevich-Zagier program E §1.2], 
namely, we will rely on nothing else than the following three principles: 

(KZl) (Linear Additivity) For two algebraic functions fix) and gix) defined over an algebraic 
domain D - Di uZ) 2 , where Di and D 2 are two disjoint algebraic sub-domains of D c IR", 
one has 


f ••• f [f(x) + g(x)]d'^x^ f ••• f f(x)d^x+ f ••• f g(x)d'^ 
J Jd J Jd J Jd 


X 


(1.3.2) 


and 


[■■■[ f(x)d'^x^f -f f(x)d'^x+f ■■■ f f(x)d'^x (1.3.3) 

J Jd=d-iuD2 Jdx j *^D2 

whenever all the integrals involved are absolutely convergent. 

(KZ2) (Algebraic Transformations of Variables) If y = hix),xe D is an algebraic and invert¬ 
ible mapping, then 


f... f f(y)d^y^± fihix))deth'ix)d^X, 

J JhiD) J Jd 


(1.3.4) 


where det/t'(;r) is the Jacobian determinant. 

(KZ3) (Newton-Leibniz-Stokes Formula) For an algebraic differential form cjix), one has 


f ■ ■ ■ f dco(x)- f ■ ■ ■ f co(x), 
J Jd j JdD 


(1.3.5) 


where dD is the boundary of the algebraic domain D. 

In our derivations, we recast the Kontsevich-Zagier integral representations of certain weight- 
4 automorphic Green’s functions S §§2.1 and 2.2] into certain multiple integrals of elementary 
functions, which will be referred to as “interaction entropies”. These multiple integrals of interest 
are named as such, because they resemble the entropy functional defined in information theory. 
For example, for the probability density (cf Eq. I2.1.21D 

pxi<p,0,Vf)^ - ^ AG(O,l);(d>,0,v^)e[O,;r/2]3, (1.3.6) 

;r[K( VX)f 1 - A sin^ (p sin^ 0 - A cos^ (f) sin^ ip 

a “Jacobi self-interaction formula” (cf Eq. I2.2.21D evaluates its entropy Sipx) in closed form: 


SVpx\ 


- III 

JJJ((p,0, 


pxi(f),9,'ii/)\ogpxi(t>,0,'ii/)d(()ddd'if/ 


.i//)e[0,;r/2]3 

nKiVl^) 2, V^(l-A)[K(vl)]^ 

-—— + - log-=-. 

3 K(v^) 3 


(1.3.7) 


Meanwhile, a special case of the “relative interaction entropy” in Eq. 12.2.271 is just the relative 
entropy (Kullback-Leibler divergence) 


MPaIIP^]:= fff Pxi(p, d, y)log ^n^l dcpdedf 

JJJ(,(p,e,% " - - ... 




' P^i(p,0,\p) 


(1.3.8) 


in disguise. 

To evaluate the entropy in Eq. 11.3.71 we shall resort to Principle |(KZ2)1 and use a birational 
substitution of variables to relate the triple integral defining S{px\ to a double integral (see 
Eos. 12.2.131 and l2.2.2B : 


nl2 (‘TiI2 


rnrz n 

Jo Jo 


log(l - Asin^0sin^(p)d0d^ ^K(\/a) ^kcvT) 
vT^ Asin^ dVl-A sin^ 


(P 


rmv/i) 

Jo Jo 


log[l - Asn^(u|A)sn^(i;|A)]dudi;, (1.3.9) 
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which is effectively an integration 



dX2 

Y2 


logd-AXiXa) 


(1.3.10) 


over two cycles 71,72 on the elliptic curve ExiC) :Y^ - X(l- X)(l - AX). Similarly, in the frame¬ 
work of |(KZ1)| - |(KZ3)[ one may also transform the sum of entropies (S’[px] + S>[px\\p^] into inte¬ 
grations over certain cycles on two elliptic curves ExiC) :Y‘^ = X(1 - X)(l - AX) and E^iC): = 

X(1 -X)(l - pX). The result is the following “entropy formula”: 


‘■i 


^[K{s/t)?dt 


Jo 


^K(v^)K(^rYi)dt 


.. 

([K(^)]^[K(v 1TI;)]^ -K(Gi)K(^UU)K(v7;)K(vT^))log(l - 
2[K(\/1 - p)]^ \ogil-psin^ (f)sin^ 6 - pcos^<psin^ y/)d(()d6d'ip 


n 


‘ p7l/Z p7l/Z pn 

Jo Jo Jo 


+ 


2K(v7i)K(vT^) p /2 p /2 p /2 log 

TT Jo Jo Jo 1 


1 - A sin^ (p sin^ 0 - A cos2 (p sin^ ip 

l-lJsin^(/)sin^e-(l-lj)cos^(/>sin^y dc/)d0dl7 


- XsiiT (psiir 6 - (1 - A) cos2 sim i/a 


rK(\/X) pKW 11) 

■ K(\/l - A)K(\/l - |U) / du dp log[l -/isn^CulAlsn^CfljU)] 

Jo Jo 

_ rK(\/X)+iK(vY^) fjj, /-KIv//!) 

-k(VI)K(vT^) — 

Jk(\/I) I Jo 


r-Kix/JI) 


du log[l - /ism(u|A)sm(p|/i)], 


(1.3.11) 


for 0 < p < A < 1, which translates into a special case (X = 4) of Theorem II. 1.21 In the “entropy 
formula” above, the cycle integrals defined on Ex(C) xEp(C) are modest extensions of the stan¬ 
dard abelian integrals on Jacobian varieties. Unlike the self-interaction formula in Eq. 11.3.71 the 
entropic coupling on Ex(C) xEp(C) (where A^ p) does not admit simple closed-form evaluations. 
Nonetheless, we will show in Part III that for CM moduli parameters, the aforementioned en¬ 
tropy formula still decomposes into finite terms of theta function expressions, thereby proving 
Conjecture II.1.11 

We originally conceived the entropy formulae for automorphic Green’s functions (Theorem 
11.1.2D by analogy to the renormalization group expansion in quantum field theory. In lieu of 
the usual loop Feynman diagrams in the momentum space, one encounters, in the “renormal¬ 
ization group expansion” on moduli spaces Xo(X)(C),X g {1,2,3,4}, multiple integrals such as 
(cf Eg. EX^ 


flflf- 


dV 


Yv,a(U) 


dW 


Y_v-l,a(W)j Yy,p(uy 


dU 


(1.3.12) 


where the addition law of abelian integrals on abelian varieties plays the role of “momentum 
sum rule”. Such physical heuristics was later abandoned in favor of a mathematically rigorous 
formulation in the framework of Kontsevich-Zagier periods, as will be presented in ^21 


2. Interaction entropies and their transeormations 


In this section, we prepare some analytic transformations for integrations over Legendre func¬ 
tions Py = P-v-i of fractional degrees v g (-1,0). To illustrate the arithmetic roles of Legendre 
functions, we recall from lIlOL Proposition 2.2.2] the Kontsevich-Zagier integral representations 
for certain weight-4 automorphic Green’s functions, in the theorem below. 
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Theorem 2.0.1 (Integral Representations for g {1, 2, 3, 4}). We have the following 

Kontsevich-Zagier integral representation for the weight-4 automorphic Green’s function on the 
full modular group PSL{2,T): 




n 


Im 


iP_i/6(2ai(z')-l) 


Re 


/: 


2ai(z') 


[P_l/6(0] P2-1/6(^|2)X 


P_i/6(l-2ai(z')) 
jP_i/6(-^) iP-i/6(2ai(2') -1) 


+ 


P-i/eiO 

n 


P_i/6(l-2ai(2')) 


iP-HQi-O 

P-miO 




jP_i/6(2ai(2')- 1) 
P_i/6(l-2ai(20) 




Im 


iP_i/6(2ai(z')-l) 

P_i/6(l-2ai(z')) 


ReJ {P-iiQ{Of‘P 2 -ilQi^\z)d£,, a.e. 2 , 2 'GlntS)i (2.0.1) 


and the following integral representations for degrees v g {-1/4,-1/3,-1/2} with corresponding 
levels N - A sin^(v7r) g (2,3,4}; 


G 


hi/ro(N) 


iz,z')- 


71 


Vni 


m 


iPv(2ajv(z')-l) 


Re 


c 


-2ajv(z') 


lPy(Ofp2,y(^lzh 


+ 


Pv(l-2aAr(z')) 

iPy(-0 iPy(2aMz')-l) 

Py(0 Py(l-2aMz')) 

71 


iPyi-0 

Py(0 


iPy(2aNiz')- 1) 

Pv(l-2aiv(P)) 




Vni 


m 


iPy(2aAr(z 


j^Rej\pyi-Ofg2,yV\z)d^, a.e. z,z’elntJ)N- (2.0.2) 


(2.0.3) 


Pv(l-2ajv(z')) 

Here, in the integral representations, we have, for a.e. IntlDjv, 

P2,v(l-2ajv(C)l2) 

Imz d { 1 1 1 1 

271 5Im2 I Imz a^iO - a^iz) [Pv(l - 2aNiz))]^ j ’ 

with N - A sin^(v7r) g{1,2,3,4},--<v<0, 

Zi 

and p 2 -mV\z) = P2-i/6(^ 1^) + Q 2 -mV\ - 1 / 2 ) = P 2 -i/6(^ 1^) + P 2 -i/eC-^I^X ■ 

Remark 2.0.1.1. According to the residue analysis of the Kontsevich-Zagier integrals ifiol §§2.1- 
2.2], in Eos. l2.0.Tl and E10.2[ one may choose the paths of integration as any curves in the double 
slit plane £, g C \ ((-oo,-1] U [1,+oo)) that circumvent the singularities of the integrands. By 
setting the conditions “a.e. z,z'”, we are excluding the scenarios where ai^{z) = UNiz') or 1- 
2 aNiz) G (-00, - 1] u [1, +00) or 1 - 2ajv(2') g (-00, - 1] u [1, +00), so as to evade the non-integrable 
singularities in the integrands and the branch cuts of the Legendre functions. □ 

Remark 2.0.1.2. It is also worth pointing out that one may alleviate the notations in Eos. I2.0.T] 
and 12.0.21 with the help of Ramanujan’s relations ifl^ Eq. 2.2.22] 


iPy{2aN{z)-l) 


\/z G IntDiv, 


VNPy(l-2aNiz)) 

where the degrees v g (-1/6, -1/4, -1/3, -1/2} correspond to levels N - 4sin^(v7r) g (1,2,3,4}. 


(2.0.4) 


□ 


In this section, we focus our energy on a precursor to the Kontsevich-Zagier integrals in 

Eqs.lMlHml 


[Pv(2^-1)]' 


■j 


HPyil-2t)]^dt 


t- a 


-Py{l-2f)Py{2f-l) 


/„ 


^Pv(l-2/)Pv(2/-l)d/ 


t- a 


(2.0.5) 


and reformulate it as multiple integrals amenable to further analysis. 
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Theorem 2.0.2 (An Integral Identity Involving Legendre Functions). For -1 < v < 0 and 0 < < 

a<l, we have the following identity: 


Jo 


f^[Py(l-2t)fdt 


t- a 


-Py{l-2f)Py{2f-l) f 
Jo 


l^Py(l-2t)Py(2t-l)dt 


t- a 


n\Py{2a - DfPyil - 2f)Py{2f - 1) 
2 sin(v7r) 

sin(v7r)Pv(l - 2a)Py{2f - 1) 

2:t Jo 


dV 

dW 

dU 



'v,a(V)\ 

dV 

Y- 

-v-l,a(W)J 

dW 

Yv,piU) 

dU 

1—1 

1—1 

1 

> 

1 __ 

Vv,a(W)J 

^-v-l,/3(t^) 

fl-^) 

^ du 

['^^+i(l-a^)^+i J 

(l-fu)-^ 

.1-uj 

1-u 


d^ 


sin(v7r)Pv(l - 2a)Py(2f - 1) 

f l/a 

0 

1 


fl-^) 

^ ^ du 

2n j 



, 1-u J 

1-u 


d^. 

( 2 . 0 . 6 ) 


Here in Eq. 12.0.61 all the integration paths are straight-line segments joining the end points, and 
the algebraic function is defined in Eq. \1.2.7\ ■ 

To verify the integral identity stated in the theorem above, we will rewrite Eq. 12.0.51 as mul¬ 
tiple integrals of elementary functions ( ^2.ID . before performing birational transformations on 
these multiple integrals ( 32.2D . and applying the Newton-Leibniz-Stokes formula to them ( 32.3D . 
The analytic constraint 0<j6<a<lin Theorem 12.0.21 is actually dispensable, upon subsequent 
analysis in ® so that Eq. 12.0.51 can be reformulated as other forms of multiple integrals for 
generic moduli parameters a and f. 


2.1. Definition and examples for interaction entropies. While deriving the Kontsevich- 
Zagier integral representations for automorphic Green’s functions satisfying the cusp-form-free 
condition dim^^(ro(A^)) = 0 in ifiol §2], we have encountered integrals of meromorphic modular 
forms in the spirit of Eichler-Shimura theory. These Kontsevich-Zagier integrals motivate us 
to consider a class of integrations in the complex plane, which will be termed as “interaction 
entropies”. 

Definition 2.1.1 (Interaction Entropy). A formal finite sum of integrals 

M rUm(a,p) 

S(a\\p)= ^ / fm(t,a,f)dt (2.1.1) 

is called an interaction entropy if the following three conditions hold: 

(lEl) (Analyticity) The functions fm(t, a,f),m-l,...,M are holomorphic with respect to (t, a, f) 
in a certain non-void open subset of C^. 

(IE2) (Periodness) The functions Lmia, f), Um(oc, f),m-l,...,M are algebraic. In their domains 
of analyticity, each summand of )S(a||^) maps algebraic arguments to members in the ex¬ 
tended ring of Kontsevich-Zagier periods, i.e. the relation 

rUm(.a,li) _^ 

/ fm(t,a,p)dte ^-Kz^ ( 2 . 1 . 2 ) 

JLmia.P) 

holds whenever the choice of a,j6 g <Q) and a path in the Gplane joining L^(a,j6) to Um(ct,f) 
guarantees absolute convergence of the integral. 
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(IE3) (Symmetry) There exists a GauB-Manin differential operator Oa in the variable a, such 
that both OaSiaWP) and OaSipWa) assume path-independent values, and the following dif¬ 
ferential equation 

6aSia\\^) = 6aSip\\a)^^— (2.1.3) 

a-p 

holds. □ 


To show that such a definition is not vacuous, we provide some concrete examples that are 
relevant to the Kontsevich-Zagier integral representations for automorphic Green’s functions. 

Proposition 2.1.2 (Interaction Entropies of Weight 4 and Degree v). For v e (- 1, 0) and a.e. a, /3 e 
(C \ IR) u (0,1), we set 

Ayia, p) = [Pyil - 2a)f[Pyi2p - DJ^Z + Pv(l - 2a)Py{2a - DP^d - 2j6)Pv(2j6 - 1)Z 

+ [Pv(2a - l)]2[Pv(l - 2p)fz, (2.1.4) 


then the following bivariate function 

d[P^(l-2GPd^ 


Sv(a||;6) = [Pv(2^-l)] 


1 


-PAl-2p)Pyi2p-l) f 

Jo 


^Pv(l-2GPv(2^-l)d^ 


■Pv(2;6-l)Pv(l-2;6) f 
Jo 

(mod 2niAy{a,p)), 


t - a 

Py{l-2t)Py{2t-l)dt 


t-l + a 


+ [Pv(l- 


2p)f f 

Jo 


t - a 

^- nPy{l-2t)fdt 

t-l + a 

(2.1.5) 


is well-defined up to the residues arising from the simple poles, provided that all the paths of 
integration circumvent the singularities of the integrands. The 2 ni\y(a py valued function Sv(a||^) 
satisfies a functional identity: 


Syia\\p)-Syip\\a) 


71 


2 sin(v7r) 

71 


{[Pvd - 2a)]^ + [Py{2a - l)f]Py{2p - l)Pv(l - 2j6) 

{[Pv(l-2^)]2 + [Pv(2^-l)]2}Pv(2a-l)Pv(l-2a), (mod 27iiAyia,p)). (2.1.6) 


2 sin(v7r) 

Furthermore, for each v g Q n (-1,0), the expression 

,.2 


71 


2 sin (v:7r) 


SyiaWf) 


(2.1.7) 


represents an interaction entropy. 


Proof It is routine to check that the C^-solutions to the following third order differential equation 
of Appell type (see, for example, 10, Eq. 23] and 118, Eq. 16]) 


At fit):- —Uil-t)^ 


dt 


dt 


ta-t) 


dfit) 

dt 


+ 4v(v+ 1)^(1-G/’(Gf' + 4v(v+ 1)—-— fit) - 0 (2.1.8) 


can be written as linear combinations of [Pv(l - 2t)^, Pyil - 2t)Pyi2t - 1) and [Pv(2^ - 1)]^. More¬ 
over, it is also easy to verify that the Appell differential operator At satisfies 

At- - ^ Aa - = 0 . 


t - a 


' t - a 


(2.1.9) 
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Thus, integrating by parts in the variable t, one can establish the following inhomogeneous 
third-order differential equation with respect to the variable a: 


A„|[Pv(2;6-l)] 

sin^(v;r) 1 
TT^ a- p 




nPy(l-2t)]^dt 


t- a 


-Py{l-2p)Py{2^-l) f 

Jo 


sin(v7r) 


pa - p)[Pya - 2p)Py(2p - 1)]2 A 


TT 


^Pya-2t)Py(2t-l)dt] 
t- a \ 

1 


dp [a-pPya-2p)Py{2p-l) 


( 2 . 1 . 10 ) 


To complete the computations above, we have availed ourselves with the recursion relations (2v + 
1)(1 - S,‘^)dPyam = v(v + l)[Pv+i(0 - Pv-iiOl (2v + IXPyiO = (V + DPy+iiO + vPy-i(0 as well as 
Legendre’s relation PyiOPy+ii-0 + Pvi-OPv+iiO+^^§ = 0. 

In Eq. 12.1.101 we may trade a for 1 - a and p for 1- P, which leads us to 


Aj[Pv(l- 


2p)f f 

Jo 


[Pv(l-2^)]^dt 
t-l + a 


sin^(v:/r) 1 
7T^ a- p 


-Py{2p-l)Pya- 
d 


2P)f 

Jo 


sin(v7r)^(l _ - 1)P^(1 - 2p)f^ 


^-^ Pya-2t)Py(2t-l)dt \ 
t-l + a I 

1 


71 


dp [a-pPyi2p-l)Pya-2p) 


( 12 . 1 . 101 ) 


Adding up Eqs. 12.1.101 and lS^.l. 1011 we obtain 


AaSyiaWP) 


sin^(v7r) 2 
71^ a- p' 


( 2 . 1 . 11 ) 


Meanwhile, by a standard Wrohskian argument for inhomogeneous differential equations, we can 
verify that 


AaSyipWa) 


sin^(v;r) 2 
71^ a- p 


( 2 . 1 . 12 ) 


Here, in both Eqs. 12.1.111 and I2.1.12[ the identities are true irrespective of the winding numbers 
possessed by the integration paths for the definitions of Sy(a\\p) and Sv(/3||a), because every 
member in Ayia,p) is annihilated by the operator A^. 

Therefore, we haveSv(a||/3)--Sv(i6||a) = /‘i(/3)[Pv(l-2a)]^+/2(i6)Pv(l-2a)Pv(2a-l)+/‘3(/3)[Pv(2a- 
1)]^ (mod 27iiAy(a,p)). Now, we may momentarily adjust the integration paths so that the net 
contribution from the residues to Syia\\p) - Syip\\a) is 0 g 27iiAy{a,p). In these circumstances, 
we can determine fiip) = foiP) - ~ 2p)Pvi2p - 1) from the asymptotic behavior of 

Sv(a:||/3)-<Sv(/3||a) in the regimes a ^ O'*" and a ^ 1 - O'*": 


lim -Pv(l-2/3)Pv(2j6-l) lim 

a-o+[Pv(2a-DP 


^Pv(1-2DPv(2^-1) 


SyipWa) 


[Pv(2a - 1)]2 


-Pv(1-2j6)Pv(2^-1) 

;rPv(l-2i6)Pv(2^-l) 
2 sin(v7r) 

SyipWa) 


im f 
a^0+Jo 

sin(v;T) _ f 
lim / 

a^O+Jo 


dt 


t- a 
^ logt 


[Pv(2a-l)P 


dt 


71 


- lim o 

a^i-o+[Pv(l-2a)P 


t-a [Pv(2a -1)]2 
SyiaWP) 


^ ai™o+[Pv(l-2a)P’ 


(2.1.13) 

(2.1.14) 


and subsequently find out f 2 (P) - ~ ~ 2/3)]2 + [Pv(2j6 - l)]^} after switching the roles 

of a and p in the expression Sv(a||)6) - <Sv(i6||a). The rest of Eg. [27L6l then follows from analytic 
continuation and residue calculus. 

To summarize, for v G Qn (-1,0), we have two observations: (i) The Euler integral representa¬ 
tion of Legendre functions (Eq. I1.2.4D entails that Pv(l - 2a) g ,^kz for a g (Q) \ [1, +oo); (ii) The 
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differential operator defined in Ea. l2.1.^ is of generalized Picard-Fuchs type, hence a member in 

2 

the GauB-Manin systems. In view of these observations, the expression fulfills 

all the criteria [(IE 1)| - [(TE3)[ thus qualifying as an interaction entropy. ■ 


Remark 2.1.2.1. By 11191. Propositions 2.1.1, 2.1.2 and 2.2.2], we know that for the degrees v g 
{-1/6,-1/4,-1/3,-1/2} and the corresponding levels N - 4sin^(v7r) g (1,2,3,4}, one may express 

the weight-4 automorphic Green’s functions a.e. z,z' g IntSljv in terms of 


J^n{z,z') Re-^ImzImz' 


N 


d 


d 


Sv(aiv(2)||aAr(2')) 


d\mz dlmz' Imz Im 2 '[Pv(l - 2ajv(2))]^[Pv(l - 2aiv(2'))]^ 


(2.1.15) 


in the sense that G 


Sj/roiN) 


iz,z')- J^N(z,z')for N G {2,3,4} and = J^iiz,z')+J^N{z,-l/z'). 

Thus one may combine the functional identity in Eq. 12.1.61 with the Ramanujan relations in 


Eq. 12.0.41 to support Green’s reciprocity G^ 
{1,2,3,41. 


fi/roCAT) 


{z,z') = G 


h/ro(Ar) 


iz',z), a.e. z,z' g IntSljv for N g 

□ 


Remark 2.1.2.2. In 11191. §2.2], we referred to certain expressions associated with Sv(a\\p) (defined 
in Eg. 12.1.51 ) as “Legendre-Ramanujan representations” for automorphic Green’s functions. Such 
nomenclature is meant to acknowledge Ramanujan’s contribution to the reformulation of certain 
modular forms as algebraic expressions involving fractional degree Legendre functions. It is 
now appropriate to call the formula for SviaWP) given in Eq. 12.1.5] as the “interaction entropy in 
Legendre-Ramanujan form”. □ 

Remark 2.1.2.3. For v e Qn(-1,0), we have already seen that the interaction entropy Sy(a\\p) can 
be represented as absolutely convergent integrals of algebraic functions over algebraic domains, 
for almost every a,j6 G (Q). If there are other integral representations of SyiaWP) as Kontsevich- 
Zagier periods (perhaps apparently very different from the Legendre-Ramanujan form, like the 
one related to Eq. 12.0.6] ). then we would anticipate the existence of finitely many steps of elemen¬ 
tary manipulations (permissible in the Kontsevich-Zagier program |(KZl)| - [rKZ3)[ ) that connect 
the Legendre-Ramanujan form to these alternative integral representations of Sy(a\\l3), accord¬ 
ing to a motivic Hodge conjecture of Kontsevich and Zagier lIloL §1.2 and §4.1]. In §^2]-[51 we 
shall present explicit constructions of these elementary transformations for Kontsevich-Zagier 
periods. □ 

To facilitate the analysis of interaction entropies Sv(a||j6) of weight 4 and degree v, we will first 
convert them into multiple integrals of elementary functions. 

A useful identity for manipulating integrals of algebraic functions is Eq. 12.1.161 in the next 
lemma, which turns a product into an integral. Physicists often attribute this technique (along 
with some of its generalizations) to the seminal works of R. P. Feynman and J. Schwinger in the 
late 1940s lll2L p. 190], in the context of quantum field theory. However, we note that the math¬ 
ematical ideas behind Eq. 12.1.161 had essentially appeared in an article of A. Erdelyi published 
in 1937 |@]. In the following lemma, we state the “EES formula” (Eq. I2.1.T61 which may be also 
termed as the Erdelyi identity, or the Feynman parametrization, or the Schwinger trick), without 
reiterating its standard proof 

Lemma 2.1.3 (EES Formula). Suppose that A,B g C \ (-oo,0], Rea >0, Re6 > 0, and that the 
straight-line segment joining A to B also lies m C \ (-oo,0], then we have the following identity 


r(a + h) 


f 


A^Bb r(a)r(b)Jo [aA + (l-a)R]“+&’ 

where the fractional powers are defined according to the convention in Eq. \1.2.2\ 


(2.1.16) 
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Remark 2.1.3.1. Based on the formula (dj, Eq. 4.1] 

1 r(c) riT“-i(i-Tr-“-^dT 


(1-^0“ r(a)r(c-a)jo 


/ 

Jo 




0 < Rea < Rec, e C \ [1, +cx)), 


(2.1.17) 


which is a special case of Eq. 12.1.161 with A = 1- tS,, B - 1, b - c - a, Erdelyi symmetrized Eu¬ 
ler’s integral representation for hypergeometric functions (Eq. II. 2. 3D into the following form |@, 
Eq. 4.2]: 


2 F 1 


a.b 


[r(c)]^ 


r(a)r(6)r(c-a)r(c-6) 


fl 


(l-^T^)^’ 


d^dr, (2.1.18) 


on the conditions that Rec > Rea > 0,Rec > Re& > 0,-71 < arg(l -£,)<n. In particular, Erdelyi’s 
formula allows us to establish a double integral representation for Legendre functions 


Py{l-2t)- 


sin^(v:/r) 




[V(i 

I 1 - 


\ ua-v)] 

V 


dUdV 


sin^(v:7r) CC Dy^oCJDl-v-i.o''^ 


tUV {1-U)V 


71^ 


' JJ Py.Qt 


-tUV 


(2.1.19) 


for -1 < V < 0 and ^ £ C \ [1, + 00 ). Here, one may wish to refer to Eq. 11.2.91 for the usage of the 

□ 


notation Ov.aW. 


Remark 2.1.3.2. The following variation on Eg. 12.1.171 


0 = — 

de 


d 


r(l + p) 


7o+ i/'^°^(-v) sin(v7r) 


i 


1 


u^(i-uy 


E-V-l 


du 


a-uo^^^ 


(l-O^+l 71 J l-U^ 

will be used later in Proposition 12.2.31 and Lemma 13.1.41 


d£ le^o L r(v + l)r(-v + e) Jo 

1-u 

-1 < V < 0,^ e C \ [l,+oo) 


I r log 

j T 


( 2 . 1 . 20 ) 

□ 


As direct applications of Eq. 12.1.161 in the last lemma, we investigate some triple integrals 
of algebraic functions that represent products of two Legendre functions, as well as some triple 
integrals of elementary functions that are related to the summands in Sv(a||j6). In the proposition 
below, we will also see that the arrangement of the variables a and j6 in the interaction entropy 
SviaWP) is compatible with the notation for Kullback-Leibler divergence (Ea. ll.3.SD . 

Proposition 2.1.4 (Some Triple Integrals), (a) We have the following triple integral representa¬ 
tions for certain products of two Legendre functions: 


[Pv(l-2^)]^ = 


sin^(v:T) 


1 - 


71^ 


I7(l-V)(l-W) 


- U)VW 


dt/dVdlV 

(i-r7)yw 


-w 


tUW-tV{l-W) 

1 


_.|pG ipV IP _ 

. v,o -v- 1,0 -v-i,0;L-^t/W-mi-W) 


( 2 . 1 . 21 ) 


Py{l-2t)Py{2t-l) = - 


sin'’(v:T) 


71'^ 


f'f' C- 

Jo Jo Jo 1 



ua-v){i-w) 

^dUdVdW 


a-uww 

a-u)vw 




-w 


tUW-(l-t)V(l-W) 

1 


v,o -v- 1,0 -v- 1,0 


( 2 . 1 . 22 ) 


where v g (-1,0) and ^ g (C\[R)u(0,1). The Legendre function Py follows the definition in Eq. \1.2.4\ 
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(b) For ve (-1,0), a,/3e(C \ IR) u (0,1), we have the following integral identities: 
'nPy{l-2t)f-VPy{l-2a)f 


t- a 


/ 

Jo 

sin^(v7r) f^logl 

Jo Jo Jo 1 


■d^ 


log[l-l3UW-j3V(l-W)] 
aUW-aV(l-W) 


U(l-V)(l-W) 

(l-U)VW 


dC/dVdW 

(l-U)VW 


sinHvn) rrriog[i-puw-pv(i-W)] 

JJJ l-aUW-aV(l-W) 






(2.1.23) 


and 


I 


^ Py(l - 2t)Py{2t - 1) -Pvd - 2a)Pv(2a -1) 


sin^(v:7r) 




sin'’(v:n:) 


f ' n '- 

Jo Jo Jo 1 
log 


t - a 

i„„ l-/3f7W-(l-/3)U(l-W) 
Wg l-V(l-W) 


d^ 


Uil-V)il-W) 

il-U)VW 


n'^ 


III 


aUW-(l-a)V(l-W) 

i-fiuw-a-/ 3 )va-w) 

[D)v^odD-v-i,oV^lD*-v-i,oW^- 


dt/dVdW 

(1-C/)VW 


i-y(i-w) 


l-aUW-{l-aWa-W) 


Proof (a) We use the EFS formula (Eq. I2.1.16D to combine the denominators in 


Pv(l-2dP-v-i(l-2^') = 




■I 


sin^(v7r) r^U^d-Ur^-^dU -VV dV 


\-v-l 


(1-tU)- 


f 


-v-lf 


(1-t'vr+i 


(2.1.24) 


(2.1.25) 


thereby confirming the triple integral representations in Eqs. 12.1.211 and 12.1.221 Bearing in 
mind that Pv(l) = 1, we can rephrase these triple integrals in terms of Legendre expectations 
(Eg. 11.2.m 

(b) Integrate Eas. l2.1.2T] and E.1.22l in the variable t. ■ 

Later in § ^2.2142^ we will use the notations Dy.aW to abbreviate integral formulae, as far as 
possible. Only occasionally will we spell out the underlying algebraic expression for clarification. 


2.2. Birational transformations for interaction entropies of weight 4 and degree v. In 

this subsection, we will first apply Principles |(KZl)| - [rKZ2)| in the Kontsevich-Zagier program to 
the triple integrals in Eqs. 12.1.231 and 12.1.241 for the a = f scenario (self-interaction entropies), 
and then give a similar treatment to the a f f case (relative interaction entropies). 

To handle the logarithmic factor in the integrands of multiple integrals, we need to compute 
some derivatives of hypergeometric functions with respect to their parameters, in the next lemma. 


Lemma 2.2.1 (Frobenius-Zagier Process). For v e (-1,0) and a e (C \ K) u (0,1), we have the 
following closed-form evaluations: 


2r 1 


e=0 


d 
de 

nPyi2a -1) 
2 sin(v:7r) 


a 


■ + ■ 


-v,v+ 1 
1 + e 
Pvd-2a) 


270 - + 1 ) + log 


( 0 ). 


a 


a 


( 2 . 2 . 1 ) 


d 

de 


2 P 1 


e=0 


-V + £,V+ l + £ 

1 


a 


- Pv(l - 2a)log(l - a). 


( 2 . 2 . 2 ) 
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which can he recast into the following integral formulae: 
sin{vn) 


n 


I r 

■J log(l-t/)(Dv^al7 + D_v_i_at/) 


7rPv(2a-l) „ _ ^ 1-a 

+ Pv(l-2a)log- 


sin(v:7r) 


a 


f log(l-ai7)(Dv,aC/ + 0)_v_i_a 
71 J 

sin(v:T) T, U , 

— I ^(^v,a^ + l®-v-l,a 

71 J 1-U 

- -Pv(l-2a)log(l-a), 


U) 

U) 


(2.2.3) 


(2.2.4) 


sin^(v:T) ff 

71^ JJ 

7iPy{2a - 1 ) 
2 sin(v:T) 


\og(l-aUV) 
1-aUV 
Pv(l-2a) 
^ 2 


Dv,ot^ID*-v-i,o'^ 

-2yo - 'ifr^^\-v) - + 1) + log 


1-a 

a 


Proof As we differentiate the hypergeometric equation 


d 

a(l - a)—T + (1 + e - 2a)-1- v(v +1) 

da^ da 


2 P 1 


-v,v + 1 
1 + e 


a = 0 


(2.2.5) 


( 2 . 2 . 6 ) 


with respect to e and specialize to the case where e = 0, we obtain an inhomogeneous Legendre 
differential equation: 



d 

d 

( 

a(l - a)—^ 

+ (l-2a)-l-v(v+ 1) 


2 P 1 

da^ 

da 

de 

e-O 


-v,v+l ) dPv(l-2a) 

1 a =- 

1 + p j da 


(2.2.7) 


One can then show that the difference between the two sides of Eq. 12.2.11 is a solution to the ho¬ 
mogeneous Legendre differential equation, and this solution is bounded at both boundary points 
a ^ 0'*' and a ^ 1~. Such a solution must be identically zero, so Eq. 12.2.1] is verified. 

By the Frobenius process ifl^ Eq. 1.3.8], one sees that the expression 


Pv(l-2a)loga+^ 2 P 1 

de 


-V + P,V+ l + £ 

1 




2 P 1 


e=0 


-V,V+ 1 
l + £ 



( 2 . 2 . 8 ) 


solves the homogeneous Legendre differential equation. Thus, Eg. 12.2.81 is a linear combination of 
Pv(l - 2a) and Py{2a - 1). The combination coefficients can be determined by asymptotic analysis 
near the boundary points a ^ 0"'' and a ^ 1“. This shows how Eg. 12.2.21 follows from Eg. 12.2. 11 
One can verify Eas. I2.2.^2.2.4l bv differentiating Euler’s integral representation for hypergeo¬ 
metric functions (Eg. 11.2.51 ) and referring to Eos. l2.2.Tl42.2.2[ If one differentiates Erdelyi’s double 
integral representation for hypergeometric functions (E 0 . I 2 .I.T 8 I ) in the parameter c, one obtains 


d 

de 



sin^(v7r) 


71^ 



-V,V+ 1 
l + £ 


a 


log 


(l-UXl-V) 

1 -aUV 


I -Pvd - 2a)[-2ro - + 1)] 

Dv,odD-v-i,ol^- 


1-aUV 


(2.2.9) 
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As one computes 


sin2(v;r) rnog[(l - i7)(l - V)] 

JJ 1 - aUV 
J log(l-U)Dy,aU + 


sin(v;r) 


Tl 


I iog(i-y)D_v_i,«y 


( 2 . 2 . 10 ) 


upon reference to Eq. 12.1.171 one may deduce Eg. 12. 2. 51 from Eqs. 12.2.3112.2.91 and l2.2.IUl ■ 

Remark 2.2.1.1. For the case where v = -1/3, Eas. l2.2.Tl and [^2.2l were derived hy Zagier ifl^ . in 
order to prove a conjecture about the mirror symmetry of Schoen’s Calabi-Yau 3-folds. Our proof 
of Eas. [2.2.II and 12.2.21 for ve (-1,0) follows closely Zagier’s argument in lIlSIl . and makes use of 
the classical Frobenius process, hence the namesake. □ 

Remark 2.2.1.2. For v = -1/2, one can also verify the integral formulae in Eas. l2.2.^2.2.4l bv the 
Jacobi elliptic functions. See, for example, llldl §22.5] or 11191 Lemma 3.3.2]. □ 

In the next proposition, we will transform the triple integrals in Eqs. 12.1.231 and 12.1.241 with 
repeated use of Jacobi involutions. Here, a Jacobi involution is a variable substitution in the form 
of 


^ = 


1-U 

1-XU 


t/ = 


1-^ 

l-A'^’ 


( 2 . 2 . 11 ) 


which occurs naturally in the “complementary angle transformation” of the Jacobi elliptic func¬ 
tions 10 , item 122.03]: 


sn2(K(VI)-u|A) = 


1 - sn^(u|A) 
1 - Asn2(u|A) 


sm(u|A): 


l-sn^(K(VA)-M|A) 

l-Asn2(K(v^)-u|A)‘ 


( 2 . 2 . 12 ) 


Proposition 2.2.2 (Self-Interaction Entropies of Weight 4 and Degree v). For v g (-1,0), a g 
(C \ IR) u (0,1), we have 


sin^ivn) rrf\og[l-aUW-aVil-W)] 


2n^ 


1/^ 


-aUW-aV(l-W) 




2 sin(v:7r) 


y/^°\-v) + w^^\v+l) 1 

To +--log 


a 


sfd 


and 


sin^(v7r) fi 


' 27r2 jj 

logd 

sin^(v7r) rff 

log- 


JJ logd - a(7W)(Dy,al7D)y,aW + D-y-l^at/O-y-l^aW), 


(2.2.13) 


271^ 


l-aUW-(l-a)V(l-W) 
_ l-V(l-W) _, 

.-aUW-(l-a)V(l-Wy 




7r[Py(l-2a)]2 7r[Py(2a-l)]2 


+ 


2 sin(v:7r) 
sin^(v7r) 


27r2 




2 sin(v7r) 
aVW 


+ Py(l-2a)Py(2a-l) 


To + - --log 


a 


! + ■ 


1-V 


(Dy^i-aYDy^aW + 1 


-v-l,l-a 




v-l,a 


W). 


\fd 

(2.2.14) 


Proof. Without loss of generality, we may assume that a e (0,1), and employ a variable substitu¬ 
tion 

1-W . , , W 1-W 


W: 


1-aUW’ 


or equivalently. 


1-W (l-aU)W 


(2.2.15) 
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to transform 


Iff 

III 


log[l-aUW-aV(l-W)] 
l-aUW-aV(l-W) 
logd - aU) + logd - aYW) - logd - aUW) 


X-aYW 

In view of Eos. [2.2.4I and [2.2.51 we can simplify 
sin^(v7r) rrc log(l - at/)+ log(l - aV^) 


t/D_v-l,0^1D*v,0^- 




(2.2.16) 


71'^ 


JJJ 


l-aVW 


t/^Q;t7D_v-i,oV'Dv,o^ + D_v-i,at/Dv,oV'ID)_v-i,o^) 


[Pvd - 2a)]^logd - a) + 2Pvd - 2a)x 


nPv(2a “ 1) ^ -Pv(l - 2a) 


2to ~ + 1) + log 


2 sin(v:T) 2 

Meanwhile, Eq. 12.1.171 allows us to put down 

sin(v:T) 


( 0 )/ 


1 - a 


a 


i{vn) C 0_v_i 
n J l-a\ 


oV 
aYW 


(2.2.17) 


(2.2.18) 


log(l-at/^)Ov,fl 


(2.2.19) 


(1-a^)-^' 

and consequently, 

sin(v7r) ft log(l - at/^)D_v-i,o^lD*v,o^ 

7 T JJ 1 - aV W 

So far, we can verify Ea. l2.2.13l for a e (0,1), and the rest follows from analytic continuation. 

In a similar vein, one may use variable substitutions to demonstrate Eq. 12.2.141 for a e (0,1), 
using the following transformation: 

1-W . , w [l-(l-a)y]^ 


-I 


W= 1- 


or equivalently. 


1-W 


( 2 . 2 . 20 ) 


l-il-a)VW 

which is a variation on Eq. 12.2.151 ■ 

Remark 2.2.2.1. For v = -1/2, Eas. l2.1.^ and l2.2.13l bring us the following “Jacobi self-interaction 
entropy formula”: 


lim 


/„ 




t- X 


[K(V^)flog(l-|) 


nl2 nn/2 nnl2 


9 nnrA nnrA n 

n Jo Jo Jo 


log( 1 - Asim (p sim 9 - Xcos^(p sim y/) 


1 - A sin^ (p sin^ 0 - A cos^ (p sin^ ip 


dipdOdy/ 


+ 


= I^KiVx)K(Vr^)-[K(Vx)f\og^^^^ 

2 V A 

J J V A 


71/2 [>7112 


rTt/Z p 

Jo Jo 


log( 1 - Asin^ 9 sin^ (p)d9d(p 
vT^ Asin^ 9 VI-X sin^(/i 


( 2 . 2 . 21 ) 


for 0 < A < 1. Here, the last double integral can be evaluated with the aid of elliptic functions 
ifiol Eq. 3.3.12]. Such an evaluation was essential in the proof of ifiol. Theorem 1.2.2(b)] (see also 
Theorem 1 1.1. 3f a) of this article). See ^3.3l for an alternative approach to Theorem ll.l.3f a). without 
invoking elliptic functions. □ 

Remark 2.2.2.2. One may use Eq. 12.2.211 to evaluate the entropy of a probability distribution 
supported on the cube [0,7r/2]^ (Eg. 11.3.71 ). Since the maximum entropy 31og| is attained by the 
uniform distribution with the same support, we obtain an inequality 

2K(vl)l^ A 

<— --rre (2.2.22) 


71 


16(1-A)2 
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for 0 < A < 1. As pointed out by an anonymous referee, such an inequality can be derived by other 
means. For instance, using the relations Icf llOL Eqs. 3.0.1, 3.0.3 and 3.3.19a] 

12 


,24 


',K(vT^)] 

2K(v^) 

'"a2(1-A)2 

77^4 

f ,K(vT^)^ 

27 -—— = 

2K(v^) 

K(V^) j 

n 

256 ’ 


i Kis/A) 1 

71 




one can show that 


2K{^/X) 


n 


16(1-AF 


V 


,36 I j WEI)'1 


A^(l-A) 

65536 


K(^) j 


24 foyWEHl 


7724 (21 


:7rK(Vl-A) 
< Q K(\/T) 


, (2.2.23) 


(2.2.24) 


K(^) j 

holds for 0 < A < 1. Here, the last inequality follows from the infinite product expansion of the 
Dedekind eta function (Eq. 11.1.2D . □ 

Now we will start handling the triple integrals in Eqs. 12.1.231 and 12.1.241 in the situations 
where p. Our attention will be focused on triple integrals that belong to the type of “relative 
entropies”, namely. 


and 


/// 

It 


i„„ i-puw-pva-w) 

l-aUW-aVg-W) 

l-aUW-aV(l-W) 


Dv^oED-v-i,o'FD_v-i,o1F 


T „ l-;3f7W-(l-/3)y(l-W) 
l-at7W-(l-a)V(l-W) 


-Dy^ot/D-y-l^oVD-y-l^O^- 


(2.2.25) 

(2.2.26) 


-aUW-(l-a)Vil-W) 

We shall refer to such integrals as “relative interaction entropies”. 

The next proposition could he regarded as a continuation of Proposition 12.2.21 where we will 
again resort to Jacobi involutions for the transformations of multiple integrals. 

Proposition 2.2.3 (Birational Transformations of Relative Interaction Entropies). For v e (-1,0) 
and 0 < p < a < 1, we have 


sin^(v7r) 

27r3 


Ilh 


1-/3UW-I3va-W) 

1-aUW-aVil-W) 


aUW-aV(l-W) 


(Dy^oED_y_i^oV'D-v-i,o^ + IIl-v-i,oEDy^o^lll’v,o^) 


= -[Py(l-2a)r |log 
sin^(v7r) 


i--|+ro + 
a 


+ y/^^\v + 1) 


+ ■ 


[Py(l-2a)]^ 


log(l-a) 


(l-^V)log ^ aw+pg-w) — 


+ ■ 


2n^ 


II— 


[aW + p(l-W)]V 


-(Dy^at/D-y-l^jgVDy^oW^ + 1 


-V-l,aEDy,/3'FD-y-l,oW’) 

(2.2.27) 


and 


sin^ivn) 

2n^ 


Mil 


1„„ l-;6r7W-(l-)3)V(l-W) 
l-aUW-(l-a)V(l-W) 


aUW-il-aWil-W) 


(Dy^oED-y-1^0^l3’-V-l,o]^ + l]l-V-l,oEDy^O^ID)v,o]^) 


+ ■ 


■Py(l-2a)Py(2a-l) 

Py(l-2a)Py(2a-l) 


log 




1-- +ro + 
a 


^(0)(_y) _|_ ■^(0)(y y 


log(l- a) + 


sin^(v7r) 


/// 


2 ^ ' 2n^ 

X (Dy^aED_y_l^l_^VDy^0^ + IIl-V-l,aEDy^l_^yD_y_l_oW). 

Proof. We may introduce a new variable W satisfying 

W 1 -pvi-w 

l-W~l-aU W ’ 


r-i l-[aW+pil-W)]U 

[l-(l-/3)V]log awWw T - 

a 

l-[l-aW-^(l-W)]V 


(2.2.28) 


(2.2.29) 
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and verify that 


It 


1 _ i-puw-i^va-w) 

l-aUW-aVd-W) 


aUW-aV(l-W) 

u pv nog (i-aU){l-[aW+P(l-W)W] 


i/,ot^iD)_v-l,oV’D_v_i_oW’ 


Integrating over W and recalling Eq. 12.2.41 we can show that 
{l-pV)\og{l-aU) 


'v,aU'^-v-\^pV^yflW. 


(2.2.30) 


///t 


-[aW + p{l-W)W 


(Dy^at/D-v-l.ysV’Dv^O^ + 


n 


sin(v:7r) 

r3 


// 


logd - at/)(Dv,adD-v-l,aV + D-v-l,aC/Dv,aV) 


n 


sin'^(v:T) 


[Pv(l-2a)rlog(l-a). 


In the meantime, we may evaluate 




[aW + p{l-W)W 


n 


sin^(v7r) 


[Pv(l-2a)r 


log 




1 - -1 + To + 

a 


_ {a-pW 
~ 1- /3V 

Similar to Eq. 12.2.291 substituting 


by setting u - W in Eg. 12.1.2^ So far, Eg. 12.2.271 is confirmed. 


W 


i-a-pw l-W 


1-W 


1-aU 


w 


(2.2.31) 


(2.2.32) 


(2.2.33) 


before specializing Eg. 12.1.201 to u-W verify Eg. 12.2.251 


2.3. Legendre addition formulae for interaction entropies of weight 4 and degree v. 

Thus far, in our manipulations of multiple integrals, we have been mainly revolving around linear 
additivity and algebraic variable substitutions, that is. Principles |(KZ1)1 - |(KZ2)1 In S2.31 we will 
exploit extensively the Newton-Leibniz-Stokes formula |(KZ3)i so as to achieve further reductions 
of relative interaction entropies. During the presentation below, we will use both the notations 
Yv,a(u) and 


(U that were introduced in Eos. 1 1.2. 71 and fL2?^ 


Lemma 2.3.1 (Some Addition Formulae of Legendre Type), (a) For any v g (-1,0), 0 < /3 < a < 1 
and W G (0,1), we have an addition formula: 




Pr(2id-l)(l-/3V) 


[aW + f(l-W)]V 


D-v-l 




Py(l-2i3)[l-(^-lB)V] 


[l-aW-^(l-W)]P 


i'-iy-fiV 


-(a-j3) 


[aW + fjl - W)][l -aW- - W)] p 


V rW 


w 


f Jo l[aa» + /3(l-w)][l-aw-/i(l-w)]f 


to 


.1 


v+l 


dto 

5 

CO 

(2.3.1) 
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and the following identity: 


Iff 


-/// 


Py(2/3-l)(l-l3V)log 




1 - 


aW+pg-W) 


l-[aW + l3(l-W)W 


^v,aUB 


PAi - 2m - (1 - 


l-[l-aW-f(l-W)]V 


Jo "^v,aiU)}^ 


dX 


^ Y_v-1,1-/3(-X’) 


/: 


dV 


^ Yv,a(V) 


log- 


-v-l,^V'Dv,oW 

])v,at/D_v_i_l_^V'Dv_oW’ 

1-aC/V 

1-v ■ 


(2.3.2) 


(b) For V G (-1,0), 0<f<a<l, Xe ij and ^ g (0,1), we have the following addition formu¬ 
lae 


/. 


aV 


dV 


l-a^VYy^aiV) 
(v+l)a udu 

Y_v-i,a(^)io Yv,a(w)iM 


dV (v+l)a 
+ ■ 


lo Yy^a(u)Jldl^Yy^a(V) Y_v 
X^+i[l-(l-^)Xf+^ (l-i6)M 


f-l)a r'^ du r 
7j¥)Jo Yy Ju)j^ 


VdV 


Y_v-i,a('^) 


i^-u] 


i-f)Xy r 
i^r Jo T- 


Jo Yy^MJldl^Yy^JV) 

du 


[l-(l-f)X]uYy^a(uy 


(2.3.3) 


Y-v-i 


1 udu 

l,af^)J^ Yy^aiu) 


I 


1 11 - a) VdV /•! Pvd - 2a) - 2 F 1 ( 


1-a^V 


YyJV) 


+ 


/ 


-v-l,v+l I 

1 I 


a] VdV 


l-il-a^)V 


Yy,i-aivy 


(2.3.4) 


du 

' Yv,a(t 


Y-v-l,aC^) Yv_a(w) 
’iaPv(2a-l) VdV 


r aP 

Jo ~ 


1 aPv(l-2a) VdV 


f - 

Jo 1 


a'^V Yv,a(V) Jo l-(l-amVYyy-a(V) 
Proof (a) We integrate an elementary identity 


v(l-i6V) 

Y-v-1,;6(V) 


1-f 


+ ■ 


d 


Y-v-i,^(U) 


aco + f(l-co) ia-f)co 1-/3V 
1 - aco - f(l-co) j [aw + fil - w)][l - aw - fil - w)] 1 

f-a \ w [ 

/ i-pv 


dV 1-[aw + pa-w)]V 


d 

dw 


Y-v-1,/3(U) 


w 


1 - [aw + pa - w)]V I [aw + pa- e>)][l - aw - j6(l - w)J 


(2.3.5) 


(2.3.6) 
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over V e (0,1), to obtain 
d 

dco 


(i) 


[aco + (5(1- a»)][l - aco - (5(1- a»)] 


7 r 


1-pv 


[aa) + l3(l-w)]V 




vn \ 


w 


sin(v;r) [ [acD + p(l - a»)][l - aw - (5(1 - to)] J 

2Fi[^\^\p)(a-p) P^(l-2(5)(1-P) 


[aw + p(l - to)][l - aw - /3(1 - to)] [1 - ato - (5(1- to)]to 
Here, in the last step, we have used the facts that (cf. Eas. ll.2.5l and [TT^~il) 


(2.3.7) 


Py(l-2(5)^2Fi 


v+ 1,-v 


2FI 


v,-v 

1 


P)--- 


sin(v7r) 


j ^-v-i,pV, 
^j(i-pv)n.,-i,pV. 


n 

sin(v7r) 


(2.3.8) 


Similarly, we deduce 
d ‘ 
dw 


to 


vn 


[ato + (5(1 - to)][l - ato - ^(1 - to)] 
_ 


It 


1-(1-/3)V 


[l-ato-jSll-to)]^ 




V 


to 


sin(v7r) [ [ato + (5(1 - to)][l - ato - /3(1 - to)] 

2Fi( V|l-^)(a-^) _ PA2(5-1)(5 I 

[ato + /3(1 - to)][l - ato - j6(l - to)] [ato + (5(1 - to)]to f 


X 


(2.3.9) 


We have Pv(2j6- 1 ) 2^1 ( | (5) +PAl-2(5)2Fi (11 - j6) = Pv(2i6- l)Pv(l-2^) + accord¬ 

ing to Legendre’s relation UJ, Theorem 3.2.8], so the foregoing computations combine into 

Q t , ... 1 V 


to 


dw V I [ato + /3(1 - to)][l - ato - (5(1- to)] J 

Pv(2;6-l)(l-^y) ^ rPv(l-2;6)[l-(l-;6)y], 


It 


[ato +/3(l-w)]V 




It 


[l-aw-l3(l-w)]V 




V 


a-(5 f to 1 

. [ato + p(l - to)][l - ato - ^(1 - to)] j 


to 


v+l 


(2.3.10) 


Integrating over to G (0, W), we arrive at Eg. 12.3.1] 

Applying the addition formula in Eg. 12.3. II to the left-hand side of Eq. 12.3.21 we reformulate it 
as 


(a 


rW 

Jo 


[aW + /5(1 - W)][l - a W-p(l-W)] ^ 


W 


to 


0 [ [ato + ^(1 - to)][l - ato - ^(1 - to)] 


''+Mto) l-[aW + (5(l-W)]U^ 

- log- w^ -(2.3.11) 


to 


1 - 


aW+)3(l-W) 


In the expression above, we make the following variable substitutions: 

(1-^)(1-X) aV-p 

to =---, W - 


which turns it into 


a-(5 
dV 


a-(5 


fi dU fi dV fi 
Jo ry.a(U)Ji Yy.a(V)Jlp 


dX 


■log 


1-aUV 

1-v ■ 


(2.3.12) 


(2.3.13) 


Jo Yy,a(U)J^ Yy^a(V)Jl^Y-y-i,i-f}(X)' 

Switching the order of integrations over V and X, we arrive at the right-hand side of Eo. ET3.2l 
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(b) Similar to Eq. 12. 3. 61 we put down 
au 


^ v,a(^) 




V+1 d Y-v-l,a(V) 
+ 


u ) Yv,a(V) dV 1-auV 


d 

du 


aV Y-v-i,a(u) 
l-auV Yv,a(V') 


(2.3.14) 


for a,u,V G (0,1) and v g (-1,0). Integrating the equation above over V g (—where 

X G l)’ before integrating over u e (0,^), we are able to establish Eg. 12.3.31 after brief rear¬ 
rangements. 

Integrating Ea. l2.3.1^ over V e (0,1), before integrating over u e ('^, 1), we can show that 


v+1 


+ 


Y_v-l,a(^) 
V+1 

aY-v-l,a('^) 


Pv(l-2a) 


f 


udu 

yv,a(^) 


sin(v:7r) 


n 




Py(l - 2a) - 2-Pi 
V dV 


l,v+ 1 
1 


a 


du 

Yy Q;(a) 


■a^VYy^aiV) 


(2.3.15) 


Meanwhile, instead of working on Eq. 12.3.141 we may integrate another identity 


(1 - a)u j 

Yv,a(u) 1 


1 - 


l-(l-a)V 


au 


v+1 


^v,l-a(V') 


■ + ■ 


au 


au 


d Y-v-i,i-a(V) I _ d 
'Wl-(l-au)v\~'^ 


il-a)V Y-y-i,aiu) 

l-il-au)V Yv,i_„(y) 
(2.3.16) 


to produce an analog of Eq. 12.3.151 


v+1 


Y_y_l,„('^) 

sin(v7r) 


Pv(2a-1) 




udu 


v+1 


i(v7r) 

n Jo 1 


V 


Yy^a(li) aY-y-i^aC^) 

dV 


2 -C^l 


-V- 1,V+ 1 
1 


a 


r 


du 


^ v,a(^) 


(2.3.17) 


(l-a^WW Yy,i_„(y) 

Consequently, we can solve Eas. l2.3.4l and l2?3?^ from Eas. 12.3.1^ and [2.3.171 ■ 

Remark 2.3.1.1. For v = -1/2, Eg. 12.3.11 becomes an addition formula for the complete elliptic in¬ 
tegrals of the third kind 10 , items 117.02 and 117.05]. Our proof of Eg. l^3^l is a modest extension 
of the classical theory for the complete elliptic integrals of the third kind [0, §31], traceable to the 
original work of Legendre lIllL Chap. XXIII]. □ 

Remark 2.3.1.2. One key observation of Legendre is that complete elliptic integrals of the third 
kind are always expressible in terms of incomplete elliptic integrals of the first and second kinds. 
Some generalizations of Legendre’s observation to Legendre functions of fractional degrees v g 
(-1.0) are given bv Eos. E.3.15l and l2.3.17[ □ 


Proposition 2.3.2 (Legendre Addition Formulae for Relative Interaction Entropies), (a) We have 
a pair of integral evaluations for v g (-1,0), 0 < /3 < a < 1, X g 0<u <1: 

{l-f)u (1- 

fi {l-f)u (1- 
1-(1-P)XU _ 

(b) For V G (-1,0) and 0 < f < a < 1, we have the following integral identity: 
sin(v7r) fi dX dV aV 

n Y_y_i,i_^(X) ji-w Yy^JV) 1 - 


X)^ 


l-g )' 
1-/3 j 

X)^ 


■dX 


TT 


l-g 

1-/3 


dX = 


sin(v7r) 


TT 


1 - 


(l-puf 


sin(v7r) 


(1 - auV 

[1-(1-J3)ur 

[l-(l-a)ur 


(2.3.18) 


(2.3.19) 
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^aPy{2p-l) VdV /*! aPyil-213) VdV 


~~Jo ~-a‘^V Yy^JV) 

1 u 


f - 

Jo 1 


+ ■ 


(1-amV Yy,i-a(V) 
^1-^V da 


^^+Hl - (1 - /3u)- 

as well as a reformulation ofEq. 12, 3. 21 - 
sin(v:7r) 


1-u ] 1-u 


where 0 < ^ < 1/a, 


(2.3.20) 


Tl 


I du dx 

Jo Yy,a(U)J^ 


dV , 1-aUV 

log- 


= -PA2/3-vfjlog^j 

-full 

Jo iJo [Jm 


1-aUW 


^ YyAV) 


w 


UUy aW +Pyil- 


^v,a^ ^v,a 




i-v 


logd - y + aV W)Dv,l-aVDv,aW 


Iw YyJV) 


dW 


^-v-l,a(W’)J Yy^piU) 


dU 


7rPv(l-2a) 

f l/a 

0 

1 



^ da 

sin(v:T) j 

,^^+i(l-a'^)^+i J 

> 

1 

1 

1—1 

, 1-a J 

1 - a 


d^. 


(2.3.21) 


Proof (a) With a variable transformation X - + 1 - we compute 


r - 

Jl a 1 - 


a-f)u 


[1-(1-I3)X]U 


™ dx=r[i. 

_ kz^ Jo [ 


1- au 


(^-n) 


n 


(1 - au)t + (1 - j6u)(l - 1) 

a-fuY 




sin(v:T) 


(1 - auY 


(2.3.22) 


with the help of the EFS formula (Ea. l2.1.TBl ). This confirms Eg. 12.3.151 The proof of Eg. [573.191 is 
similar. 

(b) On the left-hand sides of Egs. [2.3.4l and r2.3.5l we perform a variable substitution = [1-(1- 
/3)X]/a, before applying Eos. I2.3.T5I and [5.3.19l to them. These operations lead us to closed-form 
evaluations of the following two double integrals: 


fi dX pi 
% Y_,_i.i_^(X)jidl^ 


dV 


n 


— Yv,a(V') sin^(v7r) 


[Pyil - 2a)Py{2f - 1) -Pv(2a - l)Pv(l - 2f)l 


(2.3.23) 


and 


fi dX fi 

% Y_,_i.i_^(X)jidk 


VdV 


n 


^2 2Xi(-"-i’"+i|l-a) 


^'*<'v,a(V') (v+l)a sin(v;T) sin^(v 7 r) « 

2 D /"-I _ I? I-v-l,v+l 


Pv(l-2i6) 


+ ■ 


n- Py{l-2a)-2Fi[-^-Y^fa) 


sin (v:t) 


a 


These formulae, together with a direct consequence of Eq. 12.3.181 


1 

ll-a 


1 v"^+J- 


X^+^[l-il-l3)X] 


v+l 


(x-iE$ 




dX 

-i,i-fj(X)Jo T 


(l-j6)a 


Pv(2/3-l). (2.3.24) 


da 


[l-(l-i6)X]a Y^,„(a) 


71 


r"^ da 

da 

Jo Yv,cr(w) 

Jo Y v,^(^). 


(2.3.25) 
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further bring us a reduction of Eq. I2.3.3[ 


sin(v7r) 


/; 


dX 


■JL 


dV 


aV 


Y_^_i,i_^(X) yy,aiv) 1 - 

iaPv(2j6-l) VdV fi aPyil-215) VdV 


p aPy^ 

~Jo ~T^ 


It 


+ ■ 


0 1 -a^y Yy,a(V) Jo l-(l-a^)VYy,i-a(V) Y-y-i,ai^)J^Yy,piu) 


j: 


du 


where we have twice invoked Legendre’s relation in the form of Py(2a-l)2Pi ( 


2 a)2Ei( 


-v-l,v+l I 

1 


-v-l,v+l I 

1 I 


a 


(2.3.26) 


}+Py(l- 


1 - a) = Py(2a - l)Pv(l - 2a) - ■ The expression in Eq. 12.3.261 agrees with 

that in Eg. l2.3.2UI (restricted to the range 0 < ^ < 1 ), up to an elementary rearrangement of the 
factors in Y_v_i q;(^)Yv_^(u). 

Although we have just derived Eq. 12.3.201 under the restriction that g (0,1), its both sides 
remain equal for G (0,1/a), by analytic continuation. Integrating Eg. 12.3.2^ over g (U, 1/a) 
for any U G (0,1), we obtain 


sin(v7r) 


71 


L 


dX 


■JL 


dV , 1-aUV 
-log- 


= -Py{2p-1) 


Y-v-l,l-/3(X)jidl^ Yv,a(V) ° 1-V 

Hogil-V + aUV)dV 


I 


ilogl^^dV 


-V 


Yv,a(V) 


+ Pv(l 


2j3)f 

Jo 


nl/a 

JU 

1 


fl-^) 

^ du 

^^+i(l-a^)^+i J 

> 

1 

1 

1—1 

. 1-u J 

1-u 


Yv,l-a(V') 

d'^. 


Clearly, the identity above results in a transformation of the last line in Eq. I2.3.2t 


sin(v;r) 


77 


p dU p 
Jo Yy JU)j^ 


dX 


' v,a:V 

J'f 


Y- 


= -Py(2p-1) 

d 

Yv,i 


^-y-l,l-fi(X) 

dU dW 


/: 


0 Jo Yy^a(U)Yy^a(W) 
1 dV dW 


log 


2^ Yy,a(V) 

1-aUW 


dV ^ 1-aUV 
log- 


1-V 


1-W 


,iV) Yv,a(W) 


logd-y + aVW) 


+ 


^1 f rl/a 

Jo \Ju 


.'^^+i(l-a'^)^+i 


p_ 

(1-Pu 


(1-^V du 


. 1-u J 1-u 


d^ 


dU 


Yy JU) 


We now reformulate the last triple integral with integration by parts: 


rl < rVa 

Jo \Ju 




p u^ (1-^ 
{l-(lu)~^ i l-w 


du 

1 -u 


d^ 


dU 


Yy.aiU) 


7rPv(l-2a) p^“ 

1 

p u^ 

fl-^) 

^ du 

sin(v 7 r) Jo 

^^+ 1(1 - a'^)^+i (1 - /3u)-^ 

, 1 -u J 

1 -u 

pip dV 1 

’ p du 

dU 



Jo [it/ Yv,a(V)J 

lJu Yv,/ 3 (u), 

Y-v-l,a(CJ) 



7rPv(l-2a) p/“ 

1 

P U^ 

fl-^) 

^ du 

sin(v 7 r) Jo 

- a'^)^+i (1 - /3u)-^ 

, 1 -u J 

1 -u 


d^ 


d^ 


p f f p dV 

Jo iJo [iw Yv,a(V) 


dW 


Y-v-l,a(W’)J Yy^piU) 


dU 


(2.3.27) 


(2.3.28) 


(2.3.29) 


which completes the verification of Eq. I2.3.21[ 
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Finally, combining the results from Eos. 12,1,23112,1,2^I2.2.3[I2.2.4[ 1^2.13112.2.14[|2.2.27[ 12.2.281 
12.3.21 and 12.3.211 we arrive at Eq. I2.0.6[ thereby completing the task stated in Theorem I2.0.2[ at 
the beginning of this section. 

3. Entropy formulae for automorphic Green’s functions and their applications 

into transformations for the interaction 


The purpose of ^3.11 is to combine the analysis in 
entropy (see Proposition 12 .1. 2D 




-Py(l-2p)Py(2p-l) f 

Jo 


^Py(l-2t)Py(2t-l)dt 


■Py(2j3-l)Py(l 


-2j3)f 

Jo 


t - a 

Py{l-2t)Py{2t-l)dt 


+ [Pv(l 


f 

Jo 


t - a 

^-nPy{l-2t)fdit 


t-l + a 


t-l + a 

defined for generic moduli parameters a and thereby geometrically interpreting the Kontsevich- 
Zagier integral representations for automorphic Green’s functions (Eqs. 12.0.11 and 12.0.2D as en¬ 
tropy couplings of Legendre-Ramanujan curves = (1 - XT~^X{1 - aX) (n e {6,4,3,2}). 

By “entropy coupling”, we are referring to certain types of double integrals that generalize 
abelian integrals on algebraic curves, as defined below. 

Definition 3.0.1 (Entropy Couplings HyiaWjJ) and hyia\\p)). For v g {-1/6,-1/4,-1/3,-1/2} and 
a, /3 G (C \ IR) u (0,1), we define entropy couplings 

puv 


HMW) := 1 { logfi 


■fiV 


- E' 


■u 




y 


/3(l-a) 


log 


1 - a 
a l-j6 


(l-[/)(l-V) 


(3.0.1) 


under the constraints a, 1 - a, j6,1 - /), ^ C \ [1, +oo); we define Hy{a\\fi) for distinct moduli 

parameters a,(i not fulfilling the foregoing constraints as an analytic continuation of Eq. 13.0.11 
Here, the Legendre expectations E“ ^ are defined in Eg. 11.2.101 whose integration paths are always 
straight-line segments. 

The “regular part” of Hyia\\p), or the regularized entropy coupling hy(a\\l5), is defined as 


KMW) := i - “UV) 


i 


E^ E^ + E^ E 


-y 


log 


! + ■ 


aUV\ 


Such a definition of hyia\\p) applies to v g (-1/6,-1/4,-1/3,-1/2} and a,j6 g (C \ lR)u (0,1). 


(3.0.2) 


□ 


Remark 3.0.1.1. When v g (-1/6,-1/4,-1/3,-1/2}and (C\IR)u(0,1), we havePv(l-2a)Pv(l- 

2/3) ^ 0 and ^(2a - l)Pv(l - 2j6) ^ 0 according to Ramanujan’s elliptic function theory to alterna¬ 
tive bases lIlOL Eq. 2.1.8]. Thus, the Legendre expectations in Eas. I3.0.TI and [3{0.2I are indeed 
well-defined. □ 

Remark 3.0.1.2. Owing to the extra symmetry (Lemma 13.1.4D 




y 


a^v,/3 


■E^ e'^ 




1-pUV 

W 


= 0 , 


E 


u 


.E 


y 


u 


.E 


y 




log 


1 - 


1 - a 
a 1-/3 


a-U)il-V) 


= 0 , 


(3.0.3) 


(3.0.4) 


the definition of the entropy coupling HyiaW/J) can be actually reduced to half as many operations 
of Legendre expectations. (Therefore, the formulations of Hyia\\p) in Eqs. 11.1.91 and 13.0.11 are 
in fact equivalent.) Such a symmetric reduction, however, does not apply to the expression for 

hyiaWfi). □ 
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Remark 3.0.1.3. The letter H chosen for Hy{a\\P) represents both entropy (as in information the¬ 
ory) and height (as in arithmetic geometry). For 0 < < a < 1, one may verify the following 

identity (cf Eg. 13.1.41 ): 


Hv(all/3) = 


f 


1 E^^^log(l-i6C/y)dC7 

u-m-ur+Hi-aU)- 


r 


1/a E^^^log(l-j3UV)dU 

U-^(U-ir+Hl-aU)- 


/:■ 


dU 


U-^l-Ur+Hl-aU)-^ 

which can be converted into 

dU 


rl/a 

Jl 


dU 


HyialljS)- 


i: 


:/ 

Jl 


[/-V([7_1)V+1(1_^[7)-V 

dr 


u-ri - uy+Hi - aU)-^ Ji/fi r^+Hr - ly^ipr - ir+^ 


logir-u) 


/:■ 


dU 


■f 


dr 


u-^i - ur+Hi - au)-^ ji/f} r^+Hr - irnpr - ir+^ 


nil a 

Jl 


dU 


I 


dr 


u-^(u - i)^+i(i - au)-^ Ji/fj r^+Hr - ir^ipr - ir+^ 


\ogir-u) 


nil a 

Jl 


dU 


f 

Jii 


dr 


u-^iu - i)^+i(i - aU)-^ Ji/p r^+Hr - ly^ipr - ir+^ 

by V = 1/ipr). In particular, for 0 < p < A < 1, we have 
^K(^) da rK(^) da 


ni^WA) da r 

H_i/2(A||iU)= - — 

Jo K(\/A)Jo 


i 


K(v^). 

K(^)+iK(^I^) 


K(v7I) 

du 


log[l - jUsn^(u|A)sn^(a|/i)] 


Kiy/X) 




K(^) da 


iK(vT^)Jo K(vm) 


log[l - /ism(u|A)sm(a|/i)] 


^K(x/I) da cK(^)+jK(^I^) da 

log[sn^(a|//) - sm(u|A)] 


_ du r 

~ Jo K(s/A) Jit 

-I 


K(\/A) 

K(\/X)+iK(vriA) da 

K(v/A) 


i 


k(v7^) 

K(v7i)+iK(\/l-/i) da 


(3.0.5) 


(3.0.6) 


log[sm(a|//) - sm(u|A)], (3.0.7) 


iKiVl-d) JiKiViTJl) K(Vp) 

which measures the “expected” value of a “height function” log(X 2 -Xi) on certain cycles of two 
coupled elliptic curves Ea(C) : Ff = Xi(l -Xi)(l - AXi) and E^(0 : F| = X 2 (l -X 2 )(l - pX 2 ). In a 
sequel to the current work, we shall see that the entropy coupling can be regarded as localizations 
of the global height pairings in the work of Gross-Zagier l^, Gross-Kohnen-Zagier |13] and Zhang 

ifT^ . □ 


The connections from the entropy coupling Hv(a||/3) to Eq. 12.0.51 will be eventually revealed 
in Proposition 13 .1. 51 In short, the interaction entropy in Legendre-Ramanujan form (defined in 
Proposition 12 .1. 2D can be recast into the entropy-coupling form (spelt out in Proposition 13 .1. 5D . We 
will see that 


Syia\\l5) = Pyil - 2a)Py(2a - l)Pyil - 2p)Pyi2p - DlHyiaWP) + Hyil - all 1 - i6)] 

(mod 2:n-iAv(a,j6)) (3.0.8) 

follows from Eq. 13.1.351 (with Av(a,/3) being defined in Eq. I2.1.4D . which completes the proof of 
Theorem ll.l.2[ 

In S3.21 we will analyze hyia\\a), i7_i/2(A||l/(l-A)) and i7_i/2(l-A||A/(A- 1)), where the moduli 
parameters a and A tend to certain extreme values. The asymptotic properties of these special 
entropy formulae will lead us to a proof of Theorem 11.1.31 in S3.3[ 
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3.1. Interaction entropies and Kontsevich-Zagier integrals for weight-4 automorphic 
Green’s functions. In ^2.31 the constraint 0 < /3 < a < 1 relieved us of concerns over the branch 
cuts of the fractional powers and the logarithms in the integrands. In the next lemma, we will 
turn the last two multiple integrals on the right-hand side of Ea. [^3.21l into definite integrals on 
the unit square (0,1) x (0,1) c [R^, paving way for their analytic continuation to generic values of 
a and /3. 


Lemma 3.1.1 (Some Addition Formulae for Multiple Integrals), (a) For -l<v<0,0</3<a<l, 
we have 


f^l dl 

Jo IJo [Jw Yv,a 


dV 

W) 


dW 


dU 


-Py{2a 


-l)jJlog(l-at/V)Dv,at/Dv,/3V-Pv(l-2a) jJlog|l + Dv.l-aVDv,/!^. (3.1.1) 


(b) For -l<v<0,0<^<a<l, the following identity holds: 



f l/a 

0 

1 

fi u^ 

fl-'^) 

^ da 

sin(v7r) j 

'^^+dl-a'^)^+i J 

^a-fiu)-^ 

, l-w J 

1-a 


d^ 


= ff log(l-y)0)v,i-aC/Dv,/5^- ff log[l + ^^^|Dv,i_aV'Dv,/3W 


(3.1.2) 


(c) For -1 < V < 0,0 < f < a < 1, we have 


Jo lio [iw Yv_a(V') 


dW 


"*>'-v-l,a(W’) J Yy^piU) 


dU 


7rPv(l-2a) 

f'l/a 

0 

1 


fl-^) 

^ da 

sin(v7r) j 

'^^+dl-a'^)^+i J 

(l-fiu) ^ 

. 1-a J 

1-a 


nPyil - 2a) 


d^ 


sin(v7r) 


Pv(2a -1) 


I logd-’ 


y)Ov,0V-Pv(i- 


2^) I log 


l-(l-a)C/„ 


a 


^v,l-a 


u 


+ Pv(2a-1) JJ logil - aU"V)Dy^aUID>v,/ 3 V 

1-a f 


-Pv(l-2a) 




1- 


(i-t/)(i-y) 


a 1-/3 

Furthermore, the last double integral satisfies 

log [l - —^(1 - U)il - V) 


II 

-iriM 


a 1- fi 

fiy 




l>-v-l,l-adDv,/3V' 

d^ 


(3.1.3) 


^v+i(^ - 1)-V(1 - a^y+^' 


(3.1.4) 


Proof (a) A direct integration of Eg. 12.3.51 gives rise to 


f\f 


-Pv(2a 


dV 


dW 


Vv,a(V)J Y_^_i,„(W) 

1 logd-at/V')dV 


Jo 


yv,a(V) 


+ Pv(l - 2a) 


I 


iiog(i + ^)dy 


Y 


y,\-a 


(V) 


(3.1.5) 


which reduces the triple integral on the left-hand side of Eq. 13.1.11 into a double integral over the 
unit square 0 <U <l,0<y <1. We may subsequently recast this into the form stated on the 
right-hand side of Eq. I3.1.1[ 
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(b) We start by splitting the integral over ^ e (0,1/a) into two parts: 

•l/a 


/ 


1 


fl-'^) 

^ da 

,'^^+Hl-a'^)^+i J 

(l-/3u)“^ 

, 1-u J 

1-a 




{1-^f 


u^{l - u) 
^^+Hl - (l-pu) 


L 


1 TiV 


-v-1 


■ du 


d^ 


i^-iy 




I 




u^(u - 1) 

a-pu)- 


-v-1 


du 


d^. 


(3.1.6) 


On the right-hand side of the equation above, we rewrite the first double integral involving 
'^£(0,1) as 


(3.1.7) 


fi d^ 

fi da 

r 1 

p d^ 

Jo Y-v-l.al'^lJ 

V Vv,^(a) J 

0 Yv,y 3 (w)J 

'0 Y_v-l,a('^)’ 


where the remaining integration over ^ e{0,u) can he reformulated as 


/“ 


d^ 


sin(v7r) 


Y_v-i,a(^) 


n 


/ 


log[l - u + (1 - a)uV] - log 


l-V + auVl 


^v,l-a 


V, 


(3.1.8) 


which we will explain in the paragraph below. 

We point out that the following elementary identity 


au 


^ v,a(^) 


'i-I 


V+ 1 


d V^^Hl-aVy^KV -1) 


V+l( 


d 

du 


aV 


u jV-ni-aV)-nV-1)^+1 dV 

Y y l q;(u) 


1 - auV 


1 - auv v-m - avy^v - iy+^ 


(12.3.141 ) 


for a,ue (0,1), v e (-1,0) and V e (1,1/a) can be regarded as an analytic continuation of Ea. l^.l4[ 
Integrating Ea. l2.3.llf] over V = t+^ e (1,1/a) and u e (0,^), we arrive at an analog of Ea. I^.lTt 


v+ 1 


Y_^_i,„('^) 

sin(v:n:) 


Pv(2a-1) 


Jo 


udu 


v-f 1 


an 


I't 


Jo Yv^q;(u) aY_v_i_Q;('^) 
l-(l-a)t d/ 


2 P 1 


-V- l,v-l -1 
1 


1 - a 


Jo 


du 


^ v.a(^ ) 


■ ^ -f (1 - a)^ t Yy 1 _q;(/) 


(3.1.9) 


Adding up Eos. 12.3.171 and [3. 1.91 we are able to establish an addition formula: 


sin(v7r) 


n 


fir 


aV 


+ 


l-(l-a)V 


(l-a^)V l-'^ + d-al^V 


dV 


Vv,l-a(V) Y_v-i,a('^)’ 


(3.1.10) 


after an invocation of Legendre’s relation lU, Theorem 3.2.8] in the following manner: 


(v+1) 

(v+ 1)71 


„ ada „ 

aPv(2a - 1) / -—■ - 2 P 1 

-v-1,v+1 

1-a) 

da 

Jo Yv,a(w) 

1 1 

J 

Jo ^v,a(^) . 


sin(v7r) 

-v-1,v+1 

1 


Pv(2a - l)Pv(l - 2a) -Pv(2a - l)2Pi 


-V- l,v+ 1 


a 


- 2 P 1 


1-a Pv(l-2a) 


= -l. 


(3.1.11) 


Integrating Eq. l3.1.1^ over G (0, u), we arrive at Eq. I3.1.8i 
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Now we turn our attention to the proof of 


nil a 

Jl 


- ly 




I 




u^(u - 1) 
(l-/3u)“ 


-v-1 


■du 




sinivn) dU dV , 1-V + il-a)UV 

■log — 


n 


Jo "^v,l-a(U) Jo 


YvMV)' 


1-V 


+ 


sin(v:7r) dU dV 


7 T 


p dU r 

Jo Vv,l-a:(C/)io 


0 Vv,/3(V) 


To demonstrate the identity above, we compute 


I 




u^(u-l) 


-V-1 


■du 


sin(v7r) dV 


Jo 


log 

(l-a)U(l 

1^' 1-/3 


^-1 

1 dt 


(3.1.12) 


0 


+ ■ 


(vtt) r 

n Jo 

sin(v7r) 

n Jo 


0 yv,/3(V) 

dV 

Yv,/ 3 (V) 


log 


log 


1-V + ^V 


1- 


with the help of Eq. I3.1.8[ before noting the fact that 


rlla 

Jl 


m - IVfW 


■d^ = 


1-V 

(^-1)(1-^V) 

a-pm 


(3.1.13) 


Jo Vy 1 


dU 


xiU) 


(3.1.14) 


^^+Hl-a‘^V+^ 

holds for any suitably regular function fm),l<^ <l/a. 

Clearly, the efforts above can be combined into Eq. 13.1.21 
(c) The equality in Eq. 13.1.31 descends from Eqs. 13.1.114371^ and an application of the following 
Jacobi involution 


[a«)Ov,!-««:= [ = [ 

J Jo Vy 1_(J;(U) Jo 


^ f(u)du ^(l-d-a)!/)^^ 


-Mt 


1-U 


(l-a)U 


(3.1.15) 


/O ^v,l—a(^) Jo 

to the last integral in Eq. I3.1.2[ 

The equality in Eq. 13.1.41 originates from the birational variable substitutions U - , V 

i-y I 

Combining Eos. 12.0.^ and 1371.31 we see that the following formula holds for 0 < p < a < 1: 


271^ 


sin (vTi) I 


|[Py(2^-l)]2j^ 


^[Py(l-2d]^d^ 


t - a 


-Py(l-2;6)P, 


X2j6-1) [ 
Jo 


^Py(l-2t)Py(2^-l)dq 


t - a 


n\Py{2a - DfPyjl - 2p)Py(2p - 1) n^Pyil - 2a)Py(2a - l)[Py(2i6 - 1)]^ 
sin^(v:T) 

yr^Pyd - 2a)Py(2a - l)Py(l - 2p)Py{2p - 1) 


simlvTi) 


+ 


sim(v7r) 


log 


P 


1-P 


■log 


a 


1-a 


+ Py(2^-l)4Py(2a-l) 


-Py(l-2a) // log 


//' 




1-aUV 


aU 


■{^v,aU^v^pV + D-v-l.adD-y-i^^V) 


a{l-p) 


(D-y-l^l-at/Dy^^V + Dv,l-adD_y_i^/3V') 


(3.1.16) 


with the understanding that the integration paths on both the left- and right-hand sides are 
straight-line segments. In order to relate the right-hand side of Eg. [371.161 to the entropy coupling 
Hy{a\\p) (Ea. l3.0.Il >. we need further simplifications. 
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The following self-explanatory integral identity (cf E Proposition 4.3] and ifl^ Lemma 3.3.1]) 

f{U,V)dUAV 


If 

Jo Jo 

ff 

Jo Jo 


0 VU(1 - U)(l - XU)V(1 - P)(l - XV) 
t -jd 

0 


0< A< 1 


(3.1.17) 


is true for any sufficiently regular bivariate function f(U,V), 0<i7<l,0<V'<l. We (re)discovered 
this formula in an attei^t to reconstruct Ramanujan’s thoughts behind Entry 7(x) in Chapter 17 
of his second notebook ISi pp. 110-111]. We have referred to this trick as “Ramanujan’s rotations” 
due to the spherical rotations that were originally employed to introduce these variable substi¬ 
tutions. From a different perspective, the birational maps in Eq. 13.1.171 can be broken down into 
two successive Jacobi involutions (cf Ea. l2.2.lTl ): V - and U - 

As an application of Ramanujan’s rotations (Ea. l3.1.T71 ). we demonstrate a reciprocity relation 
in the next lemma. 


Lemma 3.1.2 (Ramanujan Reciprocity). For a, j6 g (C \ IR) u (0,1) and v g (- 1,0), we have 



1-aUV 

l-aU 

1-U 


vf/D- 




log 


1-puv 

i-pv " 

i-y 


iUDv,fiV. 


(3.1.18) 


Proof. In what follows, we prove Eq. 13.1.181 for a,f e (0,1) and v g (-1,0), using Ramanujan’s 
rotations. The generic cases for a, /3 g (C \ R) u (0,1) and v g (-1,0) would then arise from analytic 
continuation. 

By Ramanujan’s rotations U - ^ the left-hand side of Eq. 13.1.181 is 

equal to 


ri 

Jo Jo 




-v-\( 


(1 - dF 


0 Jo (i-ary^+Hi-ar-i3(i-r)+a/3^r(i-r)]- 


(3.1.19) 


As we follow this up with a Jacobi involution F = we can identify the left-hand side of 

Eg. 13.1.151 with 


Jo Jo [(l-al^)(l-pW) + ap^mi-^)]-^ 


an expression that is symmetric in the variables a and /3. Meanwhile, if we apply Ramanujan’s 
rotations U - , V - to the right-hand side of Eg. [371.181 and follow up with a 

Jacobi involution F - we also arrive at the expression displayed in Eg. 13.1.251 

This proves the reciprocity relation stated in Eq. 13.1.181 ■ 


In view of Eos. 15.2.31 and [3.1.181 one may demonstrate the following identity 


7r^[Pv(2a-l)Pv(l-2i6)-Pv(l-2a)Pv(2i6-l)] ^ 

sin^(v7r) 


;r^Pv(l-2a)Pv(l-2^) 

sin^(v:7r) 



l-f 


-log 


a \ 
1-aj 


+ 




aUV 


ff 


log- 


-aU 


l-fV 


(^v,aUDv,pV + l]l-v-l,at7D_v-l,/3V') 
K,aU^v,l5V + ^-v-l,aU^-v-l,py) 


(3.1.21) 
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for a,j6 e (C \ K)u (0,1), v e (-1,0), with all the integration paths being straight-line segments. 
Therefore, one can condense Eg. lO.l.lBl into the following form: 


2:71^ 


[Pv(2^-1)]' 




sin^(v:T) 

= Pv(2i6-l)^Pv(2a-l) 


i 
IM 


t - a 

1-puv 

w 


-Pv(l-2;6)Pv(2jS-l) 


I 


f^Py{l-2t)Py{2t-l)d.t\ 


t - a 


(Dv_aC/Dv,^V + E>-v-l,atfD-v-l,/3V') 


-Pvd - 2a) 1 / log 11 - “^ (1 - U)il - V) 


•//' 


a(l-p) 


iD-v-l,l-aUBv,fiV + DvG-atfD-v-l,/!^) 


(3.1.22) 


for -1 < V < 0 and 0 < ^ < a < 1. 

As another application of Lemma 13.1.21 we construct a functional equation involving certain 
double integrals, in order to show that the sum hyiaWP) + hv(l - a\\l - p) remains unchanged 
when the moduli parameters a and trade their places. 


Lemma 3.1.3 (A Reflection Formula for Ramanujan Entropy Coupling). For v g {-1/6, -1/4, -1/3, 
-1/2} and a, /3 g (C \ K) u (0,1), define the Ramanujan entropy coupling 

^y{aW) := ^ jlog ^ ^ (3.1.23) 

i-u 

then MyiaWP) = ^y{p\\a) (according to Eq. \3.1.18h and we have the following exact identities: 


^viaWP) - MyO- - /3|| 1 - a) 

:/iv(a||/3)-/iv(l-/3||l-a)-i 


log- 


a 


a 


+ log 




1-p 


+ ■ 


n 


2 sin(v7r) 


Pv(2a-1) Pvd-2a) Pv(2^-1) 

Pvd-2a) Pv(2a-l)^Pv(l-2;6) 


Pv(l-2i6) 

Pyi2p-1) 


(3.1.24) 


hyia\\l5) + hyil - all 1 - j6) = hyil5\\ a) + hyil - /3|| 1 - a). 


(3.1.25) 


Proof. By definitions of hy{-\\j (Eq. 13.0.2D and e^v(jl') (Eq. I3.1.23D . as well as applications of 
Eos. 12.2.51 and 12^^741 we have 


/i v(a II i6) - ^v(a II i6) - ^ log —^ 

^ J. 


+ 


n 


2 i 


e: «+ E‘ 


u 


-a v,fi 


-v-l,l-a -V 


y 


2 sin(v7r) 


Pv(2a-1) Pvd-2a) 


Pvd 

1-dj 


! aUV\ 

1 + -——\ + 


2a) Py{2a 
logd - a) 


1 ) 

n 


Pvd -2a) 


2 sin(v7r) Py{2a - 1) 


(3.1.26) 


By a Jacobi involution U - together with applications of Eos. 12.2.31 and f2.2. 4[ we convert 

the expression above into 


1 

2 


E“ 


e’^ 


+ E 


u 

v,l-a 


■V 

■ v-l,p 


\ogiu + V-uV), 


(3.1.27) 


which is manifestly invariant under the transformations (a, f) (l-f, 1-a). This proves Eg. 13.1.2^ 

Now that the left-hand side of Eg. 13 .1. 241 remains intact under the interchange of moduli pa¬ 
rameters a ^ f, so must its right-hand side. Spelling out this invariance property for the right- 
hand side of Eq. 13.1.241 and rearranging, we reach Eq. 13.1.251 ■ 


While the Legendre function satisfies Py - P_v-i, such a “v-reflection symmetry” cannot be 
taken for granted for many multiple integrals we have encountered so far. Fortunately, owing to 
the Ramanujan reciprocity (Lemma 13.1.2D . some important double integrals do remain invariant 
when V and - v - 1 switch their places, as explained in the next lemma. 
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Lemma 3.1.4 (v-Reflection Symmetry for Certain Double Integrals). Let v be a rational number 
from the set {-1/6, -1/4, -1/3, -1/2}. For a, /3 g (C \ IR) u (0,1), we have the following identity: 


V v,a V,, 




1-fUV 

W 


= 0 . 


Fora,l-a,/5,l-^,f^GC \ [1, +oo), the following relation is true: 




1- ^ “ / a-um-v) 

a 1-P 


= 0 . 


(3.1.28) 


(3.1.29) 


Proof Without loss of generality, we may demonstrate the claimed identities for 0 < /3 < a < 1, 
and perform analytic continuation later afterwards. 

To show Eq. 13.1.281 we first put down 


Ih-. 


l-puv^ 

pv 


K,aU^v^pV - 




i-/3y 

aUW 


VfiUOy^pV 


(3.1.30) 


and then argue that 




log^ll^-logd-at/W) 


1-aUW 




\ogi^^-\ogil-p^V) 


-II 

- If If Er,o ‘°f\^y^* P-v-l.o‘^P-v-l.»W' (3.1.31) 


e!^o • . 


-aW 

follows from a birational transformation 

U 


\og{l-p^V)^ 

p^v 

1 1-^ 


1-U 1-pVl-aW ^ 

and an integration over Y. By the Ramanujan reciprocity, we have 
1-a'^W 


(3.1.32) 


rr i-p^w rr 

— JJ p^^ + JJ log-j W, 


(3.1.33) 


while Ea. l2.1.2^ allows us to deduce 

1-^ 


IH 


= Jf <0 ^ ~fy7^ D-v-l,0^D-v-l.aW 




log(l-ayW)„ 


aVW 


(3.1.34) 


p^v 

so Ea. l3.1.3Tl leads us to Eg. 13.1.281 

Had we refrained from pairing up v and -v - 1 in Propositions 12.2.211272.31 and summarized 
the computations in Eqs. 12.3.21 12.3.211 13.1.31 before invoking the Ramanujan reciprocity from 
Eq. 13.1.181 we would have obtained the following identity for -1 < v < 0 and 0 < j6 < a < 1: 


n 


\VPy{2p-m 


nPva-2t)fAt 


sin^(v7r) I 
= Pv(2j6-l)lPv(2a-l) 


-L 

IM 


-Py(l-2a) 




t- a 

1-puv 
pv 


-Pyil-2p)Pyi2P-l) r 
Jo 


’ Py(l-2t)Py(2t-l)dt \ 
t- a ] 


K,aU'^v^^V 


ad-/)) 


^-v-l,l-aU^y^ffV 


( 12X221 ) 
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in place of Ea. [^1.22[ From the equation above, we see that the symmetry relation in Eg. 13.1.2^ 
descends from Eq. I3.1.28I ■ 


Proposition 3.1.5 (Kontsevich-Zagier Integrals as Entropy Couplings), (a) When v e {-1/6, -1/4, 
-1/3, -1/2} and a,l- a,/3,l-/3, £C\[1, +cx)), we have an integral identity: 




i 


l^[Py(l-2t)fdt 


t - a 


-Pv(l-2;6)Pv(2;6-l) 


/„ 


^Pv(l-2/)Pv(2/-l)d/ 


t - a 


= Py{l - 2a)Py{2a - DP^d - 2p)Py{2^ - l)Hy{a\\p), (mod 2niAy{a,p)), 


(3.1.35) 


where the integration paths on the left-hand side circumvent singularities of the integrands. The 
notations HyiaWf) and Avia,f) were defined, respectively, in Eqs. \1.1.9\ and 12. J.4I 
(b) For V ei-l,0),peiC \ [R) u (0,1), the following integral identity holds: 

—5-^Pv(2^-1)/ [Pv(l-2/)]2d/-Pv(l-2;6) / Pdl-2/)Pv(2/-l)d/ 

sin (vtt) I Jo Jo 

= 2^v.ir(/^r(v+|) (s.i.sm 

with all the integration paths being straight-line segments. 

Proof (a) This is an analytic continuation of Eq. I3.1.22[ 

(b) For 0 < ^ < a < 1, we may apply a v-reflection v - v - 1 and a Jacobi involution Y - to 
the last integral in Eq. 13.1.2211 which results in an exact equality: 


Tl 


[Pv(2^-1)]' 


i 


^[Py(l-2t)fdt 


t - a 


sivP'ivn) 

■ Py{2a-l)Py{2f-l) JJ log(l-pUV)ByaUDyfiV 

J2,-l)//’ 


-Pv(l-2;6)Pv(2j6-l) f 

Jo 


^P y(l-2t)Py(2t-l)dt \ 
t - a J 


Pv(l-2a)P, 


log 




^^v,l-adDv,/5^ • 


(3.1.37) 


This extends to a valid identity for f e (0,1) and a e (C \ R) u if, 1). Multiplying both sides of the 
equation above by -a/Pyi2f - 1) and taking the a ioo limit, we arrive at Eq. l3.1.36l for f e (0,1). 
The rest follows from analytic continuation. ■ 


Remark 3.1.5.1. We note that the sum of the last two integrals in Ea. l3.1.2^ is invariant under the 
variable substitutions ia,f)^il-f,l- a). Thus, a comparison between Eqs. 13.1.221 and 13.1.161 
also results in an independent verification of the reciprocity relation for Syia\\l3)-Svip\\a), which 
was mentioned in Eq. 12.1.61 □ 


Remark 3.1.5.2. For v g (-1/6,-1/4,-1/3}, Eg. I3.1.3^ has appeared in the Kontsevich-Zagier in¬ 
tegral representations for G^ 2 ^'^^^\z\,Z 2 ),N = 4sin^(v7r) g {1,2,3}, where ajyiz) - oo,aj^iz') - f 
lligL §2.2]; for v = -1/2, Eg. 13.1.3^ has appeared an integral representation for the Epstein zeta 
function ll^ §4]: 


^ro(4) 


' 1 


lim Gf^°^^\z,z')lmz' 

47r Im^'—►d-oo 


21C(3) 
8n^ Imz 



nM2z+l) [K(v7)]^ 

iKWl-t) ^ ^ 

-=-22-1 

iK(Vl-/) ^ 

-=-22-1 

Jo Imz 

K(v^) 

K(v^) 


d/. 


(3.1.38) 
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where ((3) - ^ ~ 1 /o^[K(v^)]^d^ is Apery’s constant, and z + ^ e Int2}4. Specializing 

Eq. 13. 1.361 to the case where v = -1/2, we obtain 

[K(vT^)] 2 [^[K(v^)]2d/-K(Vp)K(vT^) [^K(v^)K(vT^)d/ 

Jo Jo 

■>71/2 


1-^41 


0 sineVl-;-"-^- 


-, pe(C\[R)u(0,l). 


(3.1.39) 


psin (p 

A limit scenario of the reflection formula for Ramanujan entropy coupling (Eg. 13.1.2^ leads us to 


pnl2 nT, 

[\/u)Jo Jo 


log(l - )Usim0sim(p)d0d(p 


K(\/Ji)Jo Jo sind\/T--Jishi4p 


p7z/2 r7z/2 

''l-ju) Jo Jo 


k(vT^) 

” ■/ 


log[l - (1 - /i) sim0sim(p]d0d(p 
sin0\/1 - (1 - p) sin^cp 


F{e, 1 - p)[2K(^T^) - F{e, 1 - p)] dd _ ^ 

2K(vp)K(vT^)Jo Sind 4 


(3.1.40) 


Setting p = 1 - A(2z + 1), and parametrizing the last integral with elliptic functions, we arrive at 
fcf Theorem 1.1(b)] 


^ro(4) 


'4z’^ 


3Im2„ d 22 + 1 rK(VA( 22 +i)) dn(u|A(22 + 1)) nuVu - 2K.WX{2z + l)mu 

■Re 


4ti^ 


dlm 2 


22 + 1 r 
ilm 2 Jo 


21((3) 6 „ d 

H- n R© 


n oo 

E 


sn(u|A(22 + D) 4K(VA(22 + 1))K(V1 - A(22 + 1)) 
1 1 


87r^Im2 dlm 2 Im 2 (2/i + 1)^ g(27i+i);r2aJ. ^ ^ 


(3.1.41) 


for 2 + i e IntT) 4 , where the last step involves a standard Fourier expansion yl, item 908.06] 


nu 


CSC- 


dn(u|A(22 +1)) n 

sn(u|A(22 + D) “ 2K(VA(22 + 1)) 2K(VA(22 + 1)) 

2 jj ; oo ^(27i-l-l):^i(2z-hl) 


K(VA(22 + 1)) 


m=0 


+ e 


{,2n+l)ni(2z+l) 


sm 


(2/1 + l)7ru 
2K(VA(22 + i1)’ 


(3.1.42) 


and termwise integration. 


□ 


3.2. Limit behavior of certain entropy formulae. To prepare for the proof of Theorem II. 1.31 
in 33.31 we need to analyze some special entropy formulae. 

First, we discuss entropy formulae that arise from the asymptotic behavior of G 2 ^^°^^\z,z') - 
J^]S[(z,z'),N € {2,3,4} (Eg. 11.1.121 ) as z' approaches 2 . If we set 

’“[Pv(l-2^)]2-[P^(l-2a)]2 


fv(a):= f 

Jo 

gv(a)'-= 

Jo 


d/, 

0 (t - a)Py(l - 2a)Py(2a - 1) 

“ Pvd - 2t)Py{2t - 1) - Pvd - 2a)Pv(2a - 1) 
{t - a)Py{l - 2a)Pv(2a -1) 


dt, 


(3.2.1) 

(3.2.2) 
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and (cf. Eq. I2.3.29D 

nv(a):= 

Jo iJo [Jw Yv,, 


dV 


dW 


Jo IJO [Jw 

dV 

Jo [iw ^v,a(V 


aiV) 

dV 


Y-v-i,q;(W)J Yv,a(U) 


dU 


2 


dW I 


dU 


dW 


Y. 


v-l,a 


Vv,a(W)| Y-v-i^a(U) 

dV 

Jo [jW 


(W) 




dW 


Yv,a(W)’ 


(3.2.3) 


then we may combine Eos. 12.1.^3112.1.2^ 12. 2. 13112. 2. 14[ and 13. l.H into the following identity: 


Pv(2a-1) 


fv(a) - gy(a) - 


n Pv(l-2a) 


sin^(v7r)nv(cK) 


Pv(l-2a)'’^' " ovs . 2sin(v:T) Pv(2a - 1) 27r2[Pv(l - 2a)]2Pv(2a - 1) 

Furthermore, M Eq. 57] can be readily generalized into 


gvia)-gvil-a) = - 


n 


2 sin(v7r) 


Pv(2a-1) Pv(l-2a) 


+ log 


a 


1- a 


(3.2.4) 


(3.2.5) 


[Pv(l-2a) Pv(2a-l)J 
In the following lemma, we shall investigate the limit behavior of fy{a), gyia) and £5v(«) as 
a(l - a) tends to zero. 

Lemma 3.2.1 (Limit Behavior of Self-Interaction Entropies as a ^ 0 and a 1). (a) As a ^ 0, we 
have the following expansions: 

siv?{vn)Q.y{a) 


Da 

D 


2n‘^\_Py{l-2a)TPy{2a-l) 
sin^(v:T)nv(a) 
27r2[P^(l-2a)]2PA2a-l) 
2 sin^(v;T)nv(a) 
27r2[P^(l-2a)]2p^(2a-l) 
Pv(2a-1) 


= 0 ( 1 ), 
= 0 ( 1 ), 
= 0 ( 1 ), 


Pv(l-2a) 


fy{a) = o{l). 


where 


D, 


gv(a) = o(l). 


7ra(l-a) d 

.\ / Pvd - 2a)Py(2a - 1)—, 
sm(v:7r) oa 


(3.2.6) 

(3.2.7) 

(3.2.8) 

(3.2.9) 

(3.2.10) 

(3.2.11) 


and o(l) represents an infinitesimal quantity in the limit procedure, during which the branch cut 
ofPy{2a - 1), a G C \ (-oo, 0] is avoided. 

(b) As a ^ 1, without interfering with the branch cut of Pyil - 2a), a g C \ [l,+oo), we have the 
following expansions: 

sin^(v7r)l}v(a) n Py{l-2a) 


D, 


Dt 


2nHPvil-2a)]^Pyi2a-l) 

sin^(v:T)nv(a) 

'2nHPvil-2a)]^Pyi2a-l) 

sin^(v:T)nv(o:) 
'2nHPvil-2a)]^Pyi2a-l) 
Pv(2a-1) 


+ ■ 


Pvd -2a) 


fy(a) = + 


gy(a)= + 


n 

3 sin(v7r) Py{2a - 1) 
n Pv(l-2a) 
3 sin(v7r) Py{2a - 1) 
n Pv(l-2a) 
3 sin(v7r) Py{2a - 1) 
n Pv(l-2a) 
3 sin(v7r) Py{2a - 1) 
n Pv(l-2a) 


+ o(l). 

(3.2.12) 

+ o(l). 

(3.2.13) 

+ o(l). 

(3.2.14) 

-log(l-a) + o(l). 

(3.2.15) 

- log(l - a) + o(l). 

(3.2.16) 


2 sin(v7r) Py{2a - 1) 
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Proof, (a) Judging from Eq. 13. 2. 31 we know that HvCa) admits a convergent Taylor series in an 
open neighborhood of the origin in the complex a-plane, so Eqs. I3.2.611372.8I immediately follow. 
Using the definition of /V in Eq. 13.2.11 one can justify Eq. 13.2.91 By Eq. I3.2.4[ one subsequently 
verifies Eq. 13.2.10[ 

(b) We first need to show that 


sin^(v:n:) OvCa) 


[Pv(l-2a)]3 3 

By Eq. 13.2.31 we may confirm 

sin^(v7r) 0v(«) 2 

[Pv(l-2a)]3 “3 


^2^^f[Pv(2a-l) 


Pv(l-2a) 


a 


1-0" 


(3.2.17) 


sin^(v:?r) [ 

[fi dV 1^ 

[ fi dV 


1 

1 

7r3[P^(l-2a)]3Jo 1 

[Jw Vv,a(V') J 

[Jw V-v- 1 ,q;(U) 

1 

. Y-v-l,a(W) 

Yv,a(W)| 


dW 


simCrTr) 


27r3[P^(l-2a)]3 


fi f dV fi 

Jo [Jw Vv„(U) Jw 


dV 


Y-v-l,a:(U) 


Iw Vv_a(U) 

after integration by parts. Then, it would suffice to show that 

2 


■ + ■ 


Y-v-l,a(W) Yv_a(W) 



fi dV 

[Jw Vv,a(U) 

Jw Y-v-l,a(U). 


Wg(0,1) 


dW. (3.2.18) 


(3.2.19) 


is a bounded quantity asa^l-O"". By a variable substitution W - w/(w -1) (an analog of Jacobi’s 
imaginary transformation in elliptic function theory), we see that 

-i2 


[Jw Yv,a(U) Jw 


dU 


■I/. 


Y-y-l,a(V). 

^ (-um-(l-a)urdu 


(i-ur+^ 


f 




-v-1 


du 


(1-w)- 


(3.2.20) 


for w <0, and the right-hand side of the equation above is invariant as one trades w for 
Therefore, it would suffice to bound the right-hand side of Eg. [372.201 for - l/V 1 - a < u; < 0. Sup¬ 
pose that -2 < u; < 0, then one can construct bounds like 

i-ur[l-(l-a)uVdu 


/ 

|Jo 


/ 

I Jo 


i-urdu 


<2 


v+l 


(l-u)^+i 

For-l/vT -a<u;<-2, we use the Taylor expansion of the integrands to show that 

(-uYVl - (1 - a)uYdu r - (1 - a)ur^-'^du 

1-2 


(3.2.21) 


£ 

= 0(Ul-a) + o|J 


il-uY+^ 

du 


i: 


(1-m)“ 


-2 (1 - u)u, 

is bounded. This completes the verification of the claim in Eq. 13.2.171 

With cosmetic changes to the foregoing arguments, one can show that, for generic a 
the expression 

2 


j sin^(v:7r) 

Hvla) 


Pv(l-2a) 

1 

[Pv(l-2a)]3 

3j 

Pv(2a-1). 


(3.2.22) 


1 limits. 


(3.2.23) 


is bounded, and so are its derivatives with respect to a. This proves Eas. 13.2.T21 - I3.2.141 Mean¬ 
while, one sees that Eq. 13.2.16! descends from Eqs. 13.2.5! and !3.2.10[ Back substituting into 
Eq. !3.2.4l we can then derive Ea. !3.2.1^ from Eq. !3.2.12! ■ 
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Another topic of ^3.3l will be the asymptotic analysis of z'. To prepare for this, 


we need a quantitative understanding of the special automorphic Green’s function 


0(2) := Gf 


2 + 1 


_ ^^/r(2) 


,2 =G 


2 + 1 


,2 , fory( 2 )?^ 0 , 


where the weight-4 automorphic Green’s function on r(2) Ill9l. Eq. 2.2.1] 


Gf^^^^(2,2') = G 


h/+o(4) 

2 


has involution symmetries G^^^^^‘^\z,z') - G^'^ ''‘^’(-llz,-llz') - G^ 


, a.e. z.z eSj 

(2 2 ) 

G - /-h/+(2)/ 


(3.2.24) 


(3.2.25) 


,2 v-, 2 ') = Gf^^^\-l/ 2 ,-l/ 2 ') = G^'^ ^^^2+1,2'+!) (see lll9L Eq. 2.1.19] 

and II 20 L Eq. 3.8]). Using these symmetries, one can check that 0 ( 2 ) = 0(-l/2) = 0(2 + 1), so the 
function 0 ( 2),2 e i) \ |SL(2, is in fact SL{2, Z)-invariant. 

Noting that A(-l /(2 + 1)) = 1/[1 - A( 2 )] [cf 19, Eq. 2.3.8], we will be interested in the asymptotic 
analysis of 


A(2) 


1-A(2) 


and ^ 


1 - A(2) 


A(2) 


A(2)-1 


for 


^(A||;u):= f 
Jo 


P ^^^[K( v^)]2 - K(v^)K(UT^) 


K(%/^) 


dt 


(3.2.26) 


(3.2.27) 


K(v1)K(vT^) t-X 

as 2 approaches the infinite cusp ioo of SL(2,Z), so that A( 2 ) ^ 0. (We note that the difference 
i7_i/2(A||;u)- ^(XWfj.) does not affect the evaluation of automorphic Green’s functions.) 

Lemma 3.2.2 (Limit Behavior of Certain Level-4 Entropy Formulae as A ^ 0). We have the fol¬ 
lowing asymptotic formulae 




1-A 


1-A 

A 


iTiImA n K(\/l - A) Zn K(\/A) 

+- +0 


( K(vl) 


A-1 


IlmAI 2 K(v^) 
= 0(A), 


2 K(vT^) IK(vT^); 


(3.2.28) 

(3.2.29) 


as A ^ 0 and Im A f 0. 

Proof In the limit of A ^ 0, the estimates 


K 


K 


[K(v^)] 2 dt 


K( v^)K( vT^) t - A 


-f 


= 0(A) 


(3.2.30) 


and 


/: 


K(v^)K(uT^) dt 


0{X) 


/^K(v^)K(vT^)^-A 

follow directly from expansions of the integrands. 

Therefore, the asymptotic analysis in the last paragraph allows us to deduce 


(3.2.31) 


K 


1-A 


I 


1 K 


[K(v^)]2-K(v^)K(vT^) 


d^ 


k(v1)K(vT^) 


t- X 


+ 0(A). 


(3.2.32) 
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Here, the closed-form evaluation 


I 


^ K(v^)K(\/l- 1) iTrlmA n 

0 K(v^)K(vT^)^-A “ IlmAI 2 


K(^T^) K(vl) 


K(v^) K(vT^) 


follows from lllSL Eq. 51]. Meanwhile, it is clear that 


K 


K 


(v^ r HK(v^}]^-[K(\/X)]^ dt 
Jo ~ 


^1^ K(v^)K(vT^) t-A 

1-A J 


KiVA) 


K(vT^) 


(3.2.33) 


(3.2.34) 


so 




K 


11 

1 Jo 


[KiVA)]^ dt K(vl) 

n -+ o 


K(v^)K(vT^)^-A K(vT^) 


K(vl) ^ 
K(vT^)i 


(3.2.35) 


can be combined with Ea. l3.2.3^ to yield Ea. l3.2.2Bl 
The derivation of Eg. 1372.291 is similar to the first paragraph of this proof 


3.3. Automorphic self-energies Gf^°^^\z) and GfFor N e {1, 

2, 3, 4}, the Gross-Zagier renormalized Green’s function (also known as “automorphic self-energy”) 
is defined by (see 0, Chap. II, Eq. 5.7] or ifl^ Eq. 3.2.1]) 


Gf°^^\z):^ -2 


_ E Qi 

YeroiN),fz9^z 


1-1- . ] -2{log|4:rt-T7^(2)Im2| - l}, 


2 Im 2 lm(f 2 )j 


(3.3.1) 


so long as 2 corresponds to a non-elliptic point of FoiN). As ro(4) contains no elliptic points, 
Eq. 13.3.II is applicable to all 2 g for N - A. For N g {2,3}, Eq. 13.3.II fails when z is an elliptic 
point, where aN(z) - oo; for N - 1, Eq. 13.3.11 breaks down when 2 is an elliptic point satisfying 
jiz)[jiz) - 1728] = 0. The automorphic self-energies at these elliptic points have already been 
computed in 11191 Theorem 1.2.2(a)]. 

Hereafter, we will onl y co nsider automorphic self-energies at non-elliptic points, where Eg. 13.3.11 
can be reformulated as 11191. Eq. 3.2.3] 


(^h/ro(iV)(2) = lijn 


(^h/ro(iV)( 2 , 2 ')_ 21 og| 2 - 2 '| -21og|2;r77^(2)|. 


(3.3.2) 


To facilitate quantitative analysis of the weight-4 automorphic self-energies of levels 2, 3 and 4, 
we rewrite Eg. 13.3.21 using the entropy formulae (Eos. [T71.12l and ll.l.l3D . in the next lemma. 

Lemma 3.3.1 (Integral Representations of Automorphic Self-Energies G 2 ^^°^^\z) and 

Go/^°(^)( 2 )). For 2 G IntDiv where N g (2,3,4], we have 


Gf»'«(.)= 


27r2 



( d 1 

v2 2^ 

Oy(aAr(z)) , Qv(l-av(z)) 

' 

(Im2)^ 

Pv(l-2aN(z)) Pv(2ajv(z)-1). 


3 

,5Im2 Im 2 

Pv(l - 2aAr(2))Pv(2aAr(2) - 1) 


-I- 2 log 


dajv(2)/d2 


2nT]'^iz) 


- ^ log|aAr(2)[l - aAr(2)]| -i- \vAyo + 1)], (3.3.3) 

0) o 


where nv(«) is defined in Eq. \3.2.3\ and N - As\v?{vn) for vg {-1/4,-1/3,-1/2). 
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Proof. In view of Eg. [T71.131 we need to analyze the asymptotic behavior of Hv{af.i{z)\\aj^{z')) + 
Hy{l - ajv(2)l|l - ocn^z')) as z' approaches 2 . By Eq. 13.1.351 we have the following identity for 

eC\[l,+oo): 

Pv(l - 2a)Pv(2a - l)Pv(l - 2p)Py{2f - l)Hy{a\\f) = Av(a||/3) + Mv(a||/3) (mod 2niAyia,f)), 

(3.3.4) 


where 

Av(a||^):=[Pv(2;6-l)]2 

-Pv(l-2j6)P 


I 


nPv(l-2t)]^-[Py(l-2a)f 


t- a 


d^ 


(2i6-i) r 

Jo 

remains analytic as f approaches a, and 


PPyil- 2t)Py{2t - 1) - Pvd - 2a)Pv(2a - 1) 


t- a 


dt (3.3.5) 


MyiaWf) := {[Pv(2^ - DJ^lPvd - 2a)]2 -Pvd - 2f)Py{2f - l)Pv(l - 2a)Pv(2a - l)}log 


a) 

(3.3.6) 


has a mild singularity of order 0{\f-a\\og\f-a\), in the a limit. No matter which logarithmic 
branch is chosen in the definition of Myia\\f), the identity in Eq. 13.3.41 remains valid, modulo 
2niAyia,f). 

First we consider the mildly singular portion Myia\\f). As we have (cf Eg. 12.0.41 ) 


_ MyiaNiz)\\aniz')) + Myjl - aNiz)\\ 1 - UNiz')) _ 

Pvd - 2ajv(2))Pv(2ajv(2) - DPyd - 2aNiz'))Py(2aN(z') - 1) 


--l|log 
2 


aN(z')] 


+ 


OCNiz) J 12 


g-l)log 




a^iiz')] 


1 - aN(z) j 


(3.3.7) 


for N - 4sin^(v:T) and 2 , 2 ' G IntDjv, the singular part contributes to the asymptotic behavior 
G 2 ^^°^^\z,z'),z' ^ 2 as follows (cf Eg. 11.1.1^ : 


Re-i 


Im2lm2' 


d d 
dlm 2 dlm 2 ' 


22 




Im2lm2' 


l-Q:Ar(z') i 

l-aAr(z) j 


— 3 + Re 


zdttNizVdz 
aN{z)\l - aN(z)\ 


+ 21 og| 2 - 2 '| +log 


Vda^>f{z)ldz^^ 
aN{z)\l- ttNiz)] 


+ 0{\z-z'\\og\z-z'\). 


(3.3.8) 


Then we move on to the treatment of the analytic part Av(a||/3). With Taylor expansions in the 
form of 


/„ 


^(p{t)-(p{a) 

d^ = 


_ r (p^ —^^^d^ + (p'(a)(/3-a)+ - a)^ + Odf - af) 

Jo " “ 


(p"{a) 


t - a 


t- a 


and the following relation (cf ll9L Eqs. 2.1.4 and 2.2.17]: 
da^iz) 


dz 


- 2niai^{z)\l - aiv(2 )][Pv(l - 2aiv(2))] , V 2 g Int^Ar, 


we see that the net contribution from the analytic part 

Av(aiv(2)|| UNiz')) + Avd - aNiz)\\ 1 - UNiz')) 


Pvd - 2aAr(2))Pv(2aAr(2) - l)Pv(l - 2aAr(2'))Pv(2aAr(2') - 1) 


(3.3.9) 


(3.3.10) 


(3.3.11) 
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to z amounts to 


Re-I 


Imzimz' 


d d 


zz 


^^^^fviaNiz)) - gviuNiz)) + - a^iz)) -gvil- ajsiiz)) 


d\mz dlm.z' 


3sin^(v7r)^ f , 5^ 
+-—Re^22' 


Imzimz' 

[ajv(2)-aAr(2')]^ 


27r2 1 d2a2'[aiv(2)]2[l-aiv(2)F[P^(l-2a)]2[P^(2a-l)]2 

(Im2)2 ( d 1 f 


+ Oiz-z') 


,5Im2 Imz 


Ret z^ 


VNz i 

—^— fviccNiz)) - gyia^iz)) + —^fyil - ajsiiz)) -gy{l- a^iz)) 
I VNz 


-Re- 

3 


T. ^ 

Re t 2 — 
1 dz 




1- 

.^dz] . 


VNz i 

—^— fviocNiz)) - gy{a]s[{z)) + _ fy{l - aisiiz)) - ^vd - ocjsiiz)) 

I VNz 

VNz i 

—^— fviaNiz)) -- «Ar(2)) 


VNz 


+ Re 


fyiaNiz)) + fy{l - ttivd)) 

I VNz 


- 3 + 0(z -z'), 


(3.3.12) 


where /V and gy were defined in Eos. 13.2.Il and [3l2^ 

Adding up Eas. l3.3.8l and [^.12l in the z' ^ z limit, while referring back to Eas. l3.2.4l and [3^2?^ 
we obtain 


for 


^f)/ro(iV),.^_ sinCvTT). 
2 67r2 


' 

2 ^2 

£!y(aAr(z)) Qy(l-ajv(z)) 


^ (Im2)2 

d 1 

Py(l-2ajv(z)) Py(2ajvU)-l). 

,dlm2 Im2, 

Pvd - 2aN(z))Py(2aN(z) - 1) 


+ 21og 


da]s[{z)ldz 


2nr]‘^{z) 


■ log|aAr(2)[l - aNiz)]\ + 2yiaN(z)), 


(3.3.13) 


Qy(a) £2v(l-a) 


. ^. 2/ X Qv(a) _ Oy(l-a) 

^ (a) — D^) A(l-2a) Py(2a-1) ^ Sin(v;/r) ^ Py(l-2a) Py(2a-1) 


+ ■ 


6n^ 
Pv(2a-1) 
Pv(l-2a) 


fy(a) + 


Py(l-2a)Pyi2a-l) 

Pv(l-2a) 


Pv(2a-1) 


2p: 2 “Pv(l-2a)Pv(2a-l) 

fy(l-a), and £,yia):-Re^yia). (3.3.14) 


(Here, we refer the readers to Eg. l3.2.lTl for the differential operator Da-) Clearly, £v(a) is well- 
defined for a G (C \ K) u (0,1) and v e {-1/4, -1/3, -1/2}, as the Legendre functions in the denomi¬ 
nators never assume zero values. One can also continuously extend £y(a) to a g C \ (0, Ij, because 
.ifvd + iO^) = ^y{x - iO'^) for x g (-oo,0)u (1, +oo). 

Finally, we point out that 


2yia) - ^[270 + y/^^\-v) + +1)] + ^ log | a(l - a)\ 

0) O 


(3.3.15) 


vanishes in the limits of a ^ 0 and 1 (which can be checked by the asymptotic formulae in 
Lemma 13.2.ID . and the same expression remains bounded as a ^ oo (which can be shown by 
a modest variation on ifiol. Proposition 2.1.1]). This leads to a closed-form evaluation of £,y(a), 
because a bounded harmonic function in the entire plane that vanishes at certain points must 
vanish identically. ■ 
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Remark 3.3.1.1. For N - 4sin^(v7r) with v g {-1/4, -1/3, -1/2}, one may employ 
2.1.28] to further simplify the following expression occurring in Ea. l3.3.3t 


2 log 


da^izVdz 


2nriHz) 


^log|aAr(2)[l - aN(z)]\ + + y/^^\v + 1)]. 


The results are 


1, |a2(2)| 1 10:3(2)1 

3 log , 3log33|i_ag(2)|’ 


^ 1 24|l-a4(2)|2 

and - - log-^——- 

3 |a4(2)| 


for N -2,3 and 4, respectively. 


Eqs. 2.1.8 and 

(3.3.16) 

(3.3.17) 

□ 


With the lemma above, we will be able to reprove one of the main results in Part 1 11191 Theorem 
1.2.2(b)], as recapitulated in the next proposition. 

Proposition 3.3.2 (Automorphic Self-Energy of Weight 4 and Level 4). The weight-4, level-4 
automorphic self-energy can he evaluated in closed form: 


G 


h/ro(4) 


(2)= “3 log 


2^|l-a4(2)|" 


2 3"° |a4(2)| 

Proof One may directly compute that 

»i r cl dV 


-8 log 


T]iz) 


77 ( 22 ) 


MzeS). 


(3.3.18) 


i3-i/2(a):=2 f f 

Jo [Jm 


0 [Jw Y-1/2,aCF) 


dW 


271-^ 


Y-l/2,a(W) 


[P_i/2(l-2a)]'^ 


(3.3.19) 


so the first term on the right-hand side of Eg. 13.3.3] vanishes. Using the last item in Eq. 13.3.171 
we subsequently turn Ea. l3.3.3] into Eq. 13.3.181 ■ 

The evaluation of in the proposition above will become useful in the following anal¬ 

ysis of Gf^°‘^\ 2 ). 

Lemma 3.3.3 (Integral Representation for For 2 g (IntSi) \ {/}, we have 






',h/ro(4) 


2 + 1 2 


+ 2G 


h/ro(4) 


22’2j 2 ^ 2 ’2 

t 1 2 ) 

- -21og2. 


- +G 


h/To(4) 


( 2(2 + 1 ) 2 


2(2 + 1 ) 2 


Meanwhile, there exist two analytic functions q{z) and £liz) such that 


G 


h/ro(4) 


, ^ I = Re 


2(2 + 1 ) 2 


Gf^“‘^^ 2 ) = Re 


(Im2)2 


(Im2)2 


d 


,dlm 2 Im 2 ) 


d 


-] 

,dlm 2 Im 2 ) 


qiz) 


£>(2) 


log|y( 2 )-17281 


Proof Taking the z' ^ z limit in the addition formula [cf ll9L Eq. 2.2.6] 


Gf^°^^\2,2') = Gf^^^^(2,2') + Gf^^2’ 


1 

2 




^ 2+1 

. 2 


,z'\+G^'^^^^ 


(3.3.20) 

(3.3.21) 

(3.3.22) 


,2 + 1 


+ Gf'‘^T2 + l,2') + G 


h/r(2) 
2 


, 2+1 

while referring to Eqs. 13. 2. 24113. 3. 21 and 13. 3. 151 we arrive at Eg. 13.3.251 


(3.3.23) 
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A special case for Ea. l2.0.2] reads 


ii/ro(4) 


G 


= - Re 
3 


+ Re 


- + 


(Im2)2 


2(2 ± 1)’2 
d 

l-iz±2)—-ziz±l)^ 
oz oz^ 


_d _ 

,5Im2 Im 2 j 


Re 


Z(Z ± 1)0 


1 

— , 2±1 

2 



f 1 'll ^ 

d 


( 1 'll 

0 

—,2 ± 1 > ± Re 

dw 

0 



1 2 jj 

w=z±l 

1 2 j\ 


2±1 


2 dwdw' 


0{w,w') 


W--llz,U}'-z + 1 


(3.3.24) 


where 0{w,w') - ^(A(u;)||A(u;')) + ^(1-A(u;)||l-A(u;0) (cf Eg. 13.2.271 ). so long as zl2 and (2 ± l)/2 
both reside in IntS) 4 . As 2 ^ ioo, one can use Eqs. I3.2.28f[5.2.29l and their partial derivatives 
to check that the right-hand side of Eq. 13.3.241 vanishes. Relying on the asymptotic methods in 
ifigl Proposition 2.1.1], one may show that the right-hand side of Eq. [H^3.24l remains bounded as 
2 — (j\/3+l)/2. Furthermore, the branch cut of K(v7),^ e C\[l,-l-oo) does not affect the continuous 
extension of Eq. 13.3.241 Thus, the left-hand side of Eq. 13.3.241 can be identified with a bounded 
(hence constant) harmonic function on the compact Riemann surface SL(2, Z)\S)*, which vanishes 
at the cusp. This proves Eq. 13.3.211 


With fll9l Eqs. 2.0.4, 3.4.26, 3.4.27], we are able to verify that 


G 


h/ro(4) 


AAi+g 

22 2 


.h/ro(4) 


2 + 1 2 


-,— + Go 

2 2' 2 


h/+o(4) 


l2(2 + l)’2 


^h/ro(2) 

vTo 


+ 

^h/ro(2) 

CTo 

1 ] ph/ro(4) 

(--11 

2 

[ 2 ] ^ (2iJ 


2 

i zj 2 

1 2zj\ 


+ 




■A(2)|4|A(2)| 


(3.3.25) 


In view of Eas. [S^.3.3l and r3.3.18l as well as the relation a 2 ( 2 ) = 1-[1-2A(22 +1)] ^ ifiol Eq. 2.1.22], 
we convert the last displayed equation into the form of 


ReGIm2)^ 


d 


1 V 


,dlm 2 Im 2 


0(2) 


log |j-( 2 )-17281 


+ 21og2. 


(3.3.26) 


where 0(2) is analytic. Adding up with Eas. l3.3.2Ul and [?.3.21[ we arrive at Eg. 13.3.2^ ■ 

One can now use Lemmata l3.3.1l and l3.3.3l to establish some algebraic relations between weight- 
4 automorphic self-energies and certain special cases of weight-6 automorphic Green’s functions, 
as revealed in the proposition below. 

Proposition 3.3.4 (Special Correspondence Between Automorphic Green’s Functions of Weights 
4 and 6). So long as 2 is not an elliptic point on Fo(N) for N e {1,2,3}, we have 


ph/To(i)..^ , loglj'(2)-17281 

^2 1^1+ 3 -3-3 


2 ~ii/ro(i)/ 


= -Gr “'"Ai,2)+-Go 

Q O 


2 ~fi/ro(i) 


/l+iV^ 






|a2(2)[l-a2(2)]| 4 


= -G 


h/+o(2) 




212 

-4) + 21„g3 = ^G 


h/+o(3) 


(1 + i 

fs + idS 

6 




,zj, 

(3.3.27) 

(3.3.28) 

(3.3.29) 
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Furthermore, the right-hand side ofEq. Vi.3.27\ has the following breakdown: 




G 


b/r( 2 ) 


+ 


2 

log |j-( 2 )-17281 


-,2|+Gf^^2^(2 + 1,2) + G 


b/n2) ( 


V2 + 1 I 


G 


Ti/rod) 




,2 USG™ 


2 

1 


-31og2, 


2 + 1 


,2 


(3.3.30) 


(3.3.31) 


Proof It is easy to appreciate that both sides of Eos. 13.3.27110. 29l share the same symmetry and 
asymptotic behavior (as ai^{z) approaches 0, 1 or oo, for N e {1,2,3}). Furthermore, in view of 
Lemmata 13.3.11 and 13.3.31 the left-hand side for each of these three formulae can be rewritten in 
the form of 


(Im2)^ 


-r 


ReE( 2 ), 


(3.3.32) 


,5Im2 Im 2 ) 

where F{z) is an analytic function. Such an expression is annihilated by the differential operator 


Aft - 6 := (Im 2 ) 


■ + ■ 


- 6 , 


(3.3.33) 


.d(Re2)2 d(Im2)2 

as is the right-hand side of each aforementioned formula. 

Thus, for every formula among Eos. 13.3.27143.3.291 the difference between the two sides defines 
a bounded function on a compact Riemann surface Xo(Ar)(C) = Fq{N)\F)* (for N g (1,2,3}), which is 
annihilated by - 6, and is vanishing at the cusps. Such a bounded function must be identically 
zero 11191 Lemma 2.0.1]. 

In a similar vein, one can prove Ea. l3.3.3Tl bv Ea. l3.3.2Tl and asymptotic analysis. Subtracting 
Eg. 13. 3. 3T] from Eg. 13.3.271 and referring back to Eg. 13.3.2(11 we arrive at Eg. 13.3.3(11 in their wake. 


Remark 3.3.4.1. Plugging the results G^^^^^‘^\il\/2) = -31og2 and G2^^“*^'(i/\/3) = -21og-^ 119. 
Theorem 1.2.2(a)] into Eos. 13.3.281 and [3.3.291 we are able to compute the following special values 
of weight-6 automorphic Green’s functions: 

'^,^]=-log2, (3.3.34) 
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G 


h/ro(2) 


G 


3 

T|/To(3) 


/ 3 + I \/3 i ^ 


21og2 


3 log 3 


(3.3.35) 


^ 6 2 

One may wish to check these evaluations against the integral representations of these weight-6 
automorphic Green’s functions [cf.[l^ Eqs. 2.3.19 and 2.3.20]: 

11 + j I I r 1 


G 


h/ro(2) 


, ^) = y ap-i/4iof{[P-i/4(of - [P-i/4(-o]"} dG 


h/ro(3) ( 3 + (n/S i \ 

3 6 ’v^l 27 Jo 


- [P-i/3(-0]"}d^, 


(3.3.36) 

(3.3.37) 


and a generic integral identity 112IL Eq. 1.2] 


[^x[Pv(x)]^dx- 
Jo Jo 


x[Pv(x)]^[Pv(-x)]^dx = 

(2v + 1 )^:t^ 


y/^^\v + 1) + 


+ 7o + 21og2 , 

(3.3.38) 


which is applicable to v g C (with the understanding that limits are taken for the right-hand side 
when V G {-1/2} u Z). □ 
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Table I. Some special values of j-invariants and automorphic Green’s functions 


z ^5 d 


7(z)-1728 
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1265273 j 
1 

2427611 II 


22633819 I 9 
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2 IO 5522338 
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32777176195 

5 I 2758 


22543 IO 84343 


27 O 5 IO 8 
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3134711811840767 


2466gl2774ig250 
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3'’7 


(2475)2 
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11 


72 


330 


3272330 

1142 


3 1044343 

:^i30 

31743182 


52 
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[ll9' 
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/ 

2436113 J 
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( ' 

4 


( 333 } 

2 

/ 

{2438116 J 



7 II 



1 


1919 


3 


(5)^ 

2® 

5 

11 


3\ 


33 


23 

5 


13 


2 II 3 O 


' 74419 ' 

2 


' 37173 ' 

ol7 



59 


,163 


3326ll7O238429276i27l82i03l63 


' 7274 ]^]^ 58]^9538 


242 

3 IO 53 

32 O 112 I 

25 I 527 

232 I 2969 

2 I 983 I 3953 


Remark 3.3.4.2. Suppose that 2 g is a quadratic irrational whose discriminant D belongs to the 
finite set {-7, -8, -11, -12, -16, -19, -27, -28, -43, -67, -163}, then both sides of Eg. [373.271 
computable from the Gross-Kohnen-Zagier formula (see i^. Chap. V, Corollary 4.3] and 


are 


p. 50, Theorem II.2]). We display these exact evaluations in Table [B 
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Erratum I Addendum In the published version of this work, we claimed, shortly before conclud¬ 
ing the proof of Lemma 13.3.11 that £v(a) (defined in Eq. 13.3.141 for a g (C \ IR) u (0,1) and v g 
{-1/4,-1/3,-1/2}) should extend to a harmonic function for a G C \ {0,1}. To support our claim, 
in the paragraph following Eq. 13.3.141 we pointed out the continuous extension £v(« + iO''") = 
£v(o:-iO''") for a g (-oo,0)u(1,+oo). Such an argument would appear insufficient from an analyst’s 
point of view: one still needs the continuity of normal derivatives, i.e. lim/,^o+ d2^y{a + ih)ldh - 
- lim/,^o+ d2y(a - ih)/dh for a g (- 00 ,0) u (1, + 00 ) to guarantee that the continuous extension is 
indeed a harmonic extension. 

Fortunately, the continuity of normal derivatives can be verified, a fortiori, by symmetries of 
automorphic functions, as we explain below. In fact, in the next two paragraphs, we will show 
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that both sides of Eq. 13.3.131 satisfy the homogenous Neumann boundary condition (vanishing 
normal derivatives) for non-elliptic points 2 on n 52)jv (where ajsiiz) g (- 00 ,0) u (1, + 00 ) for N - 
4sin^(v;r) g {2,3,4}), and so does 2,v{ai<i{z)). 

The reflection symmetry G^°^^\z) - G^°^^\-z) and the modular invariance G^°^^\z) - G^°^^\z+ 


1) together enforce the vanishing normal derivatives for 


+ iy) = 0, where y > 0 


^ ^ UJi\X = ±l/^ - 1 

and X + iy is not an elliptic point. For other points on n d2}jv (cf Ill9l Fig. l(c)-(e)]), one may 


exploit the formula G^°^^\z)-G^°^^\-l/iNz)) - 21og 




rjHz)a'j^i-imz)) 


(where a'^(w)daj^{w)ldw 


is expressible as rj'^iw) times certain powers of aj^{w) and 1 - aj^{w) iflil Eq. 2.1.8]) to establish 
the homogenous Neumann boundary condition. 

Now that the normal derivative for the left-hand side of Eg. 13.3.1^ vanishes for every 2 g n 
52)iv (excluding elliptic points), it would suffice to prove the same for the first term on the right- 
hand side of Eq. 13.3.131 before reaching our goal concerning 2,y{aj^{z)). As a minor variation on 
SEq. 2.1. 1'], we may use an Eichler integral identity (cf Eg. 13.2.41 ) 


sin^(v;r) ^ 


QvIaArIz)) 


+ 


£}y(l-ajv(z)) 


Pv(l-2ajv(z)) Py(2aAr(z)-l) 


I 


27r2 Pv(l-2aiv(2))Pv(2aiv(2)-l) 

aNiz)[l-UNizWa'j^iOf (2-O^dC aiv(2)[l - aiv(2)][a^(0]^ C^dC 


aiv(0[l - aiv(2)-aAr(C) 


/ 

Jo 


aAr(C)[l - aA(0]«^(2) ajvfz) - aAr(C) 


^ -l-:Ti 2 ^ (mod 27ri2^Z) 

iN 


(3.3.39) 


to rewrite the first term on the right-hand side of Eq. 13.3.131 and extend its domain of definition 
to all the non-elliptic points 2 . Such an extension enables us to show that 


sin^(vp-) 

6n^ 


Re-i 


' 

2 2^ 

£ 3 y(aAr(z)) Qy(l-aAr(z)) 


^ {Ivazf 

' d 1 } 

Py(l-2ajv(z)) Py(2aAr(2)“l) 

,dlm2 Im2, 

Pv(l-2aiv(2))Pv(2aiv(2)-l) 


remains invariant as one trades 2 for 2 + 1. Subsequently, we can combine this with reflection 
symmetry 2-^-2 and the Fricke involution 2 -l/(Ar 2 ) (as in the last paragraph) to establish the 

homogenous Neumann boundary condition for G^^^^hz)-£,viaN(z)), where the normal derivatives 
are evaluated at non-elliptic points 2 on n dDjsf. 

The analysis above establishes C^-smoothness of the function £v(a) for a g C \ (0,1} and v g 
(-1/4, -1/3, -1/2}, thereby filling a minor gap in our published arguments for Lemma [3.3.II Like¬ 
wise, in Lemma 13.3.31 the statement about the “continuous extension” of Eq. 13.3.241 should also 
have read “C^ (hence harmonic) extension”. All the conclusions in our original paper thus remain 
unscathed. 


References 

[1] George E. Andrews, Richard Askey, and Ranjan Roy. Special Functions, volume 71 ofPncy- 
clopedia of Mathematics and Its Applications. Cambridge University Press, Cambridge, UK, 
1999. 

[2] P. Appell. Memoire sur les equations differentielles lineaires. Ann. sci. Ec. Norm. Super., 
10:391-424,1881. 

[3] Bruce C. Berndt. Ramanujan’s Notebooks (Part III). Springer, New York, NY, 1991. 

[4] Paul F. Byrd and Morris D. Friedman. Handbook of Elliptic Integrals for Engineers and 
Scientists, volume 67 of Grundlehren der mathematischen Wissenschaften. Springer, Berlin, 
Germany, 2nd edition, 1971. 







































46 


YAJUN ZHOU 


[5] Alfred Enneper. Elliptische Functionen. Theorie und Geschichte. Verlag von Louis Nebert, 
Halle an der Saale, Germany, 2nd edition, 1890. (edited and published by Felix Muller). 

[6] A. Erdelyi. Integraldarstellungen hypergeometrischer Funktionen. Quart. J. Math., 8:267- 
277, 1937. 

[7] B. Gross, W. Kohnen, and D. Zagier. Heegner points and derivatives of L-series. II. Math. 
Ann., 278:497-562,1987. 

[8] Benedict H. Gross and Don B. Zagier. On singular moduli. J. Reine Angew. Math., 355:191- 
220, 1985. 

[9] Benedict H. Gross and Don B. Zagier. Heegner points and derivatives of L-series. Invent. 
Math., 84:225-320,1986. 

[10] Maxim Kontsevich and Don Zagier. Periods. In Bjorn Enquist and Wilfried Schmid, editors. 
Mathematics Unlimited — 2001 and Beyond, pages 771-808. Springer, Berlin, Germany, 
2001. 

[11] A. M. Legendre. Traite des fonctions elliptiques. Tome I. Huzard-Courcier, Paris, France, 
1825. 

[12] Michael E. Peskin and Daniel V. Schroeder. An Introduction to Quantum Field Theory. 
Addison-Wesley, Reading, MA, 1995. 

[13] Lucy Joan Slater. Generalized Hypergeometric Functions. Cambridge University Press, Cam¬ 
bridge, UK, 1966. 

[14] E. T. Whittaker and G. N. Watson. A Course of Modern Analysis. Cambridge University 
Press, Cambridge, UK, 4th edition, 1927. 

[15] Don Zagier. A modular identity arising from mirror symmetry. In M.-H. Saito, Y. Shimizu, 
and K. Ueno, editors, Integrahle Systems and Algebraic Geometry (Proceedings of the 
Taniguchi Symposium 1997), pages 477-480. World Scientific, Singapore, 1998. 

[16] Don Zagier. ‘o Hokei-keishiki-ron no wadai kara = Topics in the 

Theory of Automorphic Forms. 0 Nfp tL'i'Hff ^ 

Mathematical Lecture Note Series, Kyushu University, Fukuoka, Fukuoka, Japan, 

^ 1992. (Lecture notes, in Japanese, by js Masanobu Kaneko). 

[17] Shouwu Zhang. Heights of Heegner cycles and derivatives of L-series. Invent. Math., 130:99- 
152, 1997. 

[18] Yajun Zhou. Legendre functions, spherical rotations, and multiple elliptic integrals. Ra¬ 
manujan J., 34:373-428, 2014. 

[19] Yajun Zhou. Kontsevich-Zagier integrals for automorphic Green’s functions. 1. Ramanujan 
j:, 38:227-329, 2015. 

[20] Yajun Zhou. Ramanujan series for Epstein zeta functions. Ramanujan J., 40:367-388, 2016. 

[21] Yajun Zhou. Two definite integrals involving products of four Legendre functions. 
arXiv: 1603.03547vl [math.CA], 2016. 


E-mail address: yajunz@math.priiiceton.edu 


